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Introduction
Happy anniversary quantum physics!

Akio Tomiya
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U b e r  q u a n t e n t h e o r e t i s c h e  U m d e u t u n g  
kinematischer  und mechaniseher  Beziehungen.  

Von ~T. He isenberg  in GSttingen. 

(Eingegangen am 29. Juli  1925.) 

In der Arbeit sol[ versucht werden, Grundlagen zu gewinnen f[ir eine quanten- 
s Mechanik, die ausschliel]lich auf Beziehungen .zwischen prinzipiell 

beobachtbaren GrSflen basiert ist. 

Bekanntlich last sich gegen die [ormalen Regeln, die allgemein hi 
der Qnantentheorie zur Berechnung beobachtbarer Grs~en (z. B. der 
Energie im Wasserstoffatom) benutzt werden, der schwerwiegende Ein- 
wand erheben, da~] iene Rechenregeln als wesentlichen Bestandteil Be- 
ziehungen enthalten zwischen GrS~en, die scheinbar prlnzipiell nicht 
beobachtet werden kSnnen (wie z.B. Oft, Unflaufszeit des Elektrons), 
da~ also ienen Regela offenbar iedes anschautiche physikalische Fnnda- 
merit mangelt, wenn man nicht immer noch an tier ttoffnnng festhalten 
\v~ll, da~ iene bis ietzt unbeobachtbaren GrS~en sparer vielleicht experi- 
mentell znggnglich gemacht werden k~nnten. Diese Ho~fnung kSnnte 
als berechtigt angesehen werden, wenn die genannten Regeln in sich 
konsequent had auf einen bestimmt umgrenzten Bereich quantentheoretischer 
Probleme anwendbar wgren. Die Er~ahrung zelgt aber, da~ sich nut 
das Wasserstoffatem und der Starkeffekt dieses Atoms ienen formalen 
Regeln der Quantentheorie fiigen, da~ aber schon beim Problem tier 
,,gekreuzten Felder" (Wasserstof*atom in elektrischem and magnetlschem 
Feld verschiedener Richtung) fundamentale Schwierigkeiten auftreten, 
da~ die Reaktioa der Atome auf periodisch wechselnde Felder sicherlich 
nicht dutch die genannten Regeln. beschrieben werden kann, sad da~ 
schlie~lich eine Ausdehnung der Quantenregeln au~ die Behandlnng tier 
Atome mit mehreren Elektronen sich als nnmSgllch erwiesen hat. Es 
ist iiblich geworden, dieses Yersagen der quantentheoretischen Regeln, 
die ia wesentlich dutch die Anwendung der klassischen Mechanik 
charakterisiert waren, als Abweichung yon der klassischen Mechanik zu 
bezeichnen. Diese Bezeichnung kann aber wohl kaum als sinngemgl] 
angesehen werden, wenn man bedenkt, da~ schon die (~a ganz allgemein 
giiltige) E i n s t e i n - B  o hr sche Frequenzbedingung eine so vSllige Absage 
an die klassische Mechanik oder besser, yore Standpunkt der Wellen- 
theorie aus, an die dieser Mecl~auik 'zugrunde liegende Xinematik dar- 
stellt, da~ auch bei den ein[achsten quantentheoretischen Problemen an 
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3. Quamt$s&erumg als E4gmwtwtproth!ern; 
von E. S c h r o d h g e r .  

(Erste Mitteilung.) 

8 1. In dieser Mitteilung mochte ich zuniichst an dem ein- 
fichsten Fall des (nichtrelativistischen und ungestorten) Wasser- 
stoffatoms zeigen, dafi die iibliche Qnantisierungsvorschrift sich 
(lurch eine andere Forderung ersetzen I&, in der kein Wort 
von ,,ganzen Zahlen" mehr vorkommt. Vielmehr ergibt sich 
dio Qanzzahligkeit auf dieselbe natiirliche Art, wie etwa die 
Ganzzahligkeit der Knotenzahl einer schwingenden Saite. Die 
neue Aufiassung ist verallgemeineruogefihig und rllhrt,, wie ich 
3laub0, sehr tief an das wahre Wesen der Quantenvorschriften. 

Die iibliche Form der letzteren kniipft an die Hami l -  
ton sche partielle Differentialgleicliung am : 

.') N(g, %) = E . 
E s  wird von dieser Qleichung eine Lijsung gesucht, welche 
sich darstellt als Summe von Funktionen je einer einzigen der 
unabhangigen Variablen q. 

Wir ftihren nun far S eine neue unbekannte q~ ein derart, 
cla6 q~ als ein Produkt von eingriffigen Funktionen der einzelnen 
Koordinaten erscheinen wiirde. 

Die Konstante K mu6 aus dimensionellen Granden eingefiihrt 
werden, sie hat die Dimension einer Wirhung. Damit erhalt man 

D. h. wir setzen 
('tj 8 = K l g q J .  

Wir suchen nun nicht eine Lbsnng der Gleichung (1 I ) ,  sondern 
wir stellen folgende Forderung. Gleichung (1') la6t sich bei 
VernachlLssignng der Massenveranderlichkeit Rtets, bei BerUck- 
Richtigung derselben wenigstens dann, wenn es sich um das Ein- 
elektronenproblem handelt, auf die Gestalt bringen: quadratieche 

362 E. Schtiidinger. 

Form von T,IJ und seinen ersten Ableitungen = 0. Wir suchen 
solche reelle im ganzen Konfigurationenraum eindeutige end- 
liche und zweimal stetig differenzierbare Funktionen q, welche 
das uber den ganzen Konfigarationenraum erstreckte Integral 
der eben genannten quadratischen Form I )  zu einem Eztremurn 
machen. Dutch dieses ratiationsproblem etsetzen wir die Qjianien- 
bedingungen. 

Wir werden fur H zunilchst die Hamil tonsche Funktion 
der Keplerbewegung nehmen und zeigen, daS die aufgeetellte 
E’orderung f i r  aUe positiven, aber nur fiir eine diskrete Schar 
uon negativen E-Werten erfiillbar ist. D. b. das genannte 
Variationsproblem hat ein diskretes und ein kontinuierliches 
Eigenwertspektrum. Des diskrete Spektrum entspricht den 
B almerschen Termen, das kontinuierliche den Energien der 
Hyperbelbahnen. Damit numerische Ubereinstimmung bestehe, 
muB h: den Wert h/2n erbalten. 

Da fiir die Aufstellung der Variationsgleichungen die 
Koordinatenwahl belanglos ist, wahlen wir rechtwinkelige kar- 
tesische. Dann lautet (1’) in unserem Fall (e, m sind Ladung 
und Masse des Elektrons): 

r = v-2. 
Und unser Variationsproblem lautet 

das Integral erstreckt iiber den ganzeii Raum. Man findet 
daraus in gewohnter Weise 

Es muS also erstens 

1) Es entgeht mir nicht, da6 diese Formulierung nicht ganz ein- 
deutig is t  
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Ising model
1925 for 1d Ising model

Akio Tomiya

To study phase transition, Wilhelm Lenz proposed “Ising model” in 1920,

and it has been solved in 1924-1925 by E. Ising.

253 

Beitrag zur Theorie  des  F e r r o m a g n e t i s m u s  D. 
Von Ernst Ising in Hamburg. 

(Eingegangen am 9. Dezember 1924.) 

Es wird im wesentlichen das thermische Verhalten eines linearen, aus Elementar- 
magneten bestehendea KSrpers untersueht, wobei im Gegensatz zur Weissschen 
Theorie des Ferromagaetismus keia molekulares Feld, somlern nur eine (nicht 
magnetisehe) Wechse[wirkung benachbarter Elemcatarmagnete aagenommeu wird. 
Es wird gezeigt, dull tin sotehes Modell noch keine ferromagnetisehen Eigenschaften 

hcsitzt und diese Aussage auch auf das dreidimensionate )[odetl ausgedehnt. 

1. A n n a h m e n .  Die Erklarung,  die P. W e i s s  ~) ftir den Ferro-  
magneti~mus geg'eben hat, is t  zwar formal befriedigend, doch Ial]t sie 
besanders die Frage nach einer physikalischen Erklarung der Hypothese 
des molekularen Fehles o[fen. Nach dieser Theorie wirkt  au~ jeden 
E]ementarmagneten, abgesehen yon dem ~iul~eren 3[agnetfeld, ein inneres 
Fehl, das der ieweiligenMagne~isierungsinteasiti~t proportional ist. Es lieg't 
nahe. fiir die Wirkungen der einzelnen Elemente ( ~  Elementarmagnete) 
elektrische Dipolwirkungen anzuset, zen. Dann ergiiben sieh aber durch 
Summation der sehr langsam abnehmenden Dipolfelder sehr betrachtliche 
elektrische Feldst~rken, die dureh die Leitf~higkeit  des Materials zerstSrt  
wCirden. Im Gegensatz zu P. W e i s s  nehmen wir  daher an, daft die 
Kr~ifte, die die Elemente atdeinander ausiiben, mit tier Entfernung raseh 
abklingen, so dal3 in erster N~herung sich nur benaehbarte Atome be- 
einflussen. 

Zweitens setzen wir  an, dal~ die Elemente nur wenige der Kr i s ta l l -  
, t r uk tu r  entsprechende, energetiseh ausgezeichnete Orientierungen ein- 
nehmen. Infolge der W~rmebeweg'ung gehen die Elemente aus einer 
mggliehen Lage in eine andere tiber. W i r  setzen an. dal~ die inhere 
Energie am kleins~en ist, wenn alle Elemente gleiehgerichtet  sind. Diese 
Annahmen sind im wesentliehen zuerst  yon W. L e n z  s) aufgestell t  und 
n~her begrtindet worden. 

2. D i e  e i n f a c h e  l i n e a r e  K e t t e .  Die gemaehtenVoraussetzungen 
wollen M r  aM ein miiglichst einfaches Modell anwenden. W i t  bereehnen 
das mittlere 3~oment $ e i n e s  l inearen 3lagneten, bestehend aus n Elemen~en. 
.ledes dieser n Elemente soll  nur die zwei Stellungen einnehmen ktinnen, 

1) Auszug aus der Hamburger Dissertation. 
'~) P. Weiss ,  Journ. de phys. (4) 6, 661, 1907, und Phys. ZS. 9, 358. 1908. 
:~) W. Lenz,  Phys. ZS. 21, 613, [920. 

2d version has solved by Lars Onsager in 1944

After these developments, Ising model is a 

testbed for new method to investigate phase transitions

I used AI to find phase transition (almost) 10 years ago



From Ising model
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K. Kashiwa, Y. Kikuchi AT 1812.01522
A.Tanaka AT 1609.09087
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Setup
Neural  net as a thermometer (Classification problem)

Akio Tomiya

In 2016, a professional go-player (Lee Sedol) lose to AI, It make a boom of AI.

K. Kashiwa, Y. Kikuchi AT 1812.01522
A.Tanaka AT 1609.09087

Akinori Tanaka and I started to apply AI to theoretical physics 

To test ability of “AI”, we decided to use the 2d Ising model

We tried to determine the phase of it without any prior knowledge

https://www.nikkei.com/article/DGXMZO38660660X01C18A2000000/ https://www.mdn.co.jp/di/newstopics/43905/

DOF

19×19 lattice
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Setup
Neural  net as a thermometer (Classification problem)

Akio Tomiya

Ising model = a (classical) toy model of magnets. More than 2d, it has 2 phases.

Hamiltonian has  symmetry and lowest energy states break it.ℤ2

K. Kashiwa, Y. Kikuchi AT 1812.01522
A.Tanaka AT 1609.09087

Using Markov chain Monte Carlo (MCMC), we generate spin configurations

and we tried to guess the phase transition temperature  
from the configurations only

Namely, we do not use input of the critical temperature.

P(S) =
e−βH(S)

Z

H(S) = − J ∑
(i,j):nearest

Si Sj
DOF
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Setup
Neural  net as a thermometer (Classification problem)

Akio Tomiya

feed-forward neural network. Then, we will examine the weights and biases of the trained

neural networks, and attempt to identify the critical temperatures of two dimensional Ising

model and 3-state Potts model.

We generate 2000 Ising spin configurations at each temperature by employing the

Metropolis-Hasting algorithm. They are fed to a neural network along with the 20 target

temperatures. We implement two types of neural network architectures by using KERAS

package with TENSORFLOW as the backend: fully-connected and convolutional neural

networks.

The former consists of fully-connected hidden and output layers as follows:
2

6666666666666664

I =
n
{�i}

��� Ising configs on L⇥ L lattice.
o

#

8
<

:
Fully-connected (Dense) layer

Softmax activation

xa 2 [0,1]Nh : hidden units

#

8
<

:
Fully-connected (Dense) layer

Softmax activation

yK 2 [0,1]No : output

3

7777777777777775

(2)

Let us describe it in detail here. We denote input degrees of freedom by {�i} (i = 1, . . . , L⇥

L), which would be spins in case of Ising model. A hidden unit xa (a = 1, . . . , Nh) is given

by,

xa = softmax(w(1)
ai
�i + b

(1)
a
) :=

ew
(1)
ai �i+b

(1)
a

P
a
ew

(1)
ai �i+b

(1)
a

, (3)

where repeated indices are summed. w
(1)
ai

and b
(1)
a are weights and biases of the first layer,

respectively. In terms of weights w
(2)
↵a and biases b

(2)
↵ of the second layer, variables yK (K =

1, . . . , No) of output layer takes the same form as the hidden variables,

yK = softmax(w(2)
Ka

xa + b
(2)
K
). (4)

Based on the output {yK}, the temperature of input configuration is determined via

K
output ⌘ argmax

K

(yK), (5)

namely, the temperature ↵ with the highest “probability” yK is picked as the output tem-

perature. The training is implemented by tuning the weights and biases with the Adam

4

W0 W1

j-th conf.  with 
inv. Temp. K

Flatten 
&Feed

W0

W1

Input = Configurations of inverse temperatures K∈(Kmin<Kcr<Kmax)
Output = inverse temperature

E(yK) ∝ ∑
j∈Conf

δK,Kans
j

x1 y1

yNoxNh

{Si}j

“Distance” (cross entropy)

0 < yK < 1× (−log yK({S}j))

NN is trained as a “thermometer”

i = 1,⋯, L × L
a = 1,⋯, Nh

K = 1,⋯, No

S1

SL2

yKxa
Si

S2
Koutput

K

y

Minimize E, NN becomes a thermometer but we focus on W1

= Kans
j

K. Kashiwa, Y. Kikuchi AT 1812.01522
A.Tanaka AT 1609.09087

Si
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Neural net captures phase transition
Heat map of weight W in second layer has structure

Akio Tomiya

Figure 1. The weights in the fully-connected layer and their average after the training in case of

2D Ising model. The horizontal axes represent the temperatures K of input configurations. The

vertical axis in the left panel corresponds to components connected to hidden units in the neural

network. The vertical axis in the right panel shows average of weights for each K. The average

value of weights significantly changes around the exact critical temperature Kexact
c ' 0.4407.

lattice size L = 16, the number of hidden units Nh = 80, and No = 20 corresponding

to the 20 target temperatures. The critical temperature is exactly known to be K
exact
c =

1
2 ln(

p
2+1) ' 0.4407 [28]. The weights of second layer after the training is shown in Fig. 1.

In Ref. [4], the critical temperature was predicted by fitting the sum of the weights by

c1 tanh[c2(K �Kc)]� c3 with free parameters c1, c2, c3 for lattice sizes L = 8, 16, 32. Indeed,

the average of the final weights appears to behave like an order parameter (right panel of

Fig 1). We will discuss the detailed structure of the weights in the next section.

B. 2D 3-state Potts model

Before getting into the detail of learning mechanism of critical temperature of 2D Ising

model, we take a look at another example, 2D 3-state Potts model. The Hamiltonian is

given by

H({�i}) = �
X

hi,ji

�(�i,�j), (8)

where �i takes three values, a generalization of Ising spin �i. Hence, configurations {�i}

labeled by temperatures K are the inputs of neural network. The 2D 3-state Potts model is

known to exhibit the second order phase transition at Kc ' 1.0050 because of the fluctuation
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K. Kashiwa, Y. Kikuchi AT 1812.01522

A.Tanaka AT 1609.09087

After training, W1 gets some pattern, especially there is a border around critical temp.
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Heat map of 
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y
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Few percent accuracy of Kcritical!



Quantum chromodynamics (QCD)

9

Recognition to Generation
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Lattice QCD?
Elementary particle physics

Akio Tomiya

u u
d

P

QCD = Quantum Chromo-dynamics 
= A fundamental theory for particles inside of nuclei 
Quantum many body(fields), relativistic, strongly correlated 
-> One of the hardest problem -> “Lattice” QCD enables to calculate it

e

P
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Lattice gauge theory is a “generalized” Ising model

Akio TomiyaLattice QCD?

∫all possible config
DUe−S[U]O[U]

Energy function = Euclidean action

S = −
2N
g2 ∑

□

Re tr [UμUνU†
μU†

ν ]

Energy function = Hamiltonian

H̃ = −
J
T ∑

ij

sisj

Uμ(n) ∈ SU(N)

∑
{s}

e−H̃[s]O[s]

Lattice gauge theory (path integral)Ising model

Uμ

Uν

 dofs live on bonds, N=3 is QCDSU(N)

si ∈ { ↑ , ↓ } = ∈ ℤ2 U†
ν

U†
μ

 dofs live on pointsℤ2
arxiv 1904.12072, 2003.06413, 2008.05456 and more.

Path integral for quantizationState sum for thermodynamics 

NxN unitary mat.

Lattice QCD/gauge theory is necessary for particle physics 
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Introduction
Lattice QCD = non-perturbative input for phenomenology

Akio Tomiya

https://phys.org/news/2025-02-links-disparate-pion-reactions-nuclear.html

Lattice form factor

[fKπ
+ (0)]2 ×

Phenomenology

G 2
FM 5

K

192π3
Vus

2
I(λ) = Γ(th)

Kℓ3

Standard model parameter

Experimentalist
Γ(exp)

Kℓ3

Compare

Calculate

Phenomenology

Lattice QCD

only from  ( , , ) ΛQCD mud ms

Calculate
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Lattice QCD = QCD on a discretized spacetime 

Akio TomiyaLattice QCD?

DU ≡ ∏
n∈lat

4

∏
μ=1

dUμ(n)

4 dimensional lattice
 [fm] is a lattice spacing (unit of discretization)  

needed to define the theory (as differentiation)
a

SQCD[U] = ∑
n

[−
1
g2

Re tr eia2 ̂F(lat)
μν [U]] + (Quarks)

Theory on the lattice spacetime

 dim. integral1011

Quark

Gluon ̂F(lat)
μν (n)

a

Quantum 
expectation value

Because of the dimensionality of the integral,

we evaluate this integral using a Markov-Chain  
Monte Carlo.

Gauge symmetry is essential 

⟨𝒪⟩ =
1
Z ∫ DUe−SQCD[U]𝒪[U]

(after all calculations, we take  limit with tuning of )

we can “restore” continuum spacetime with quantum fields

a → 0 g

Finite dim. integral!
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Monte-Carlo integration is available

Akio Tomiya

サンプ サンプ サンプ→ → → …

U1 U2 U3

Introduction

S(x, y) =
1
2

(x2 + y2 + xy)

HMC: Hybrid (Hamiltonian) Monte-Carlo

De-facto standard algorithm (Exact)


Random momentum + EOM

= Random walk like algorithm

P[U ]P[U ]P[U ]

Monte-Carlo: Generate field configurations with  “ ” . It gives expectation valueP[U] ∝ e−Seff[U]

⟨𝒪⟩ =
1
Z ∫ 𝒟Ue−Seff[U]𝒪(U) Seff[U ] = Sgauge[U ] − log det(D/ [U ] + m)

Simon Duane, Anthony Kennedy, Brian Pendleton and Duncan Roweth1987 

Target integration
  = expectation value

 dimensional Integral2564 × 4 × 8
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Monte-Carlo integration is available

Akio TomiyaIntroduction

S(x, y) =
1
2

(x2 + y2 + xy)HMC: Hybrid (Hamiltonian) Monte-Carlo

De-facto standard algorithm (Exact)


Random momentum + EOM

= Random walk like algorithm

⟨𝒪⟩ =
1
Z ∫ 𝒟Ue−Seff[U]𝒪(U) Seff[U ] = Sgauge[U ] − log det(D/ [U ] + m)

M. Creutz 1980

Target integration
  = expectation value

In each time step of “EOM”, we have to solve a linear equation   (Dslash),

namely quark part, is very expensive. It dominates 50-90 % of numerical cost.

D/

D/ ⃗x = b⃗
 dimension for L = 256109

We want to reduce cost of quark part
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Akio Tomiya

In short, we simulate of elementary particles in nuclei 

Using super computers + Lattice QCD, we can understand…

- melting of protons/neutrons etc. at high temperatures 
     → related to the history of the universe

- attractive/repulsive forces between atomic nuclei 
     → to understand how stars are born and dead

- properties of a dark matter candidate 
                                                                                            etc.

We want to understand our universe from fundamental level!


Lattice QCD?
What is our final goal for our research field?
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Introduction
What is our final goal for our research field?

Akio Tomiya

- Exactness & quantitative. Machine learning is an approximator

- Gauge symmetry, global symmetry is essential.

- Code. How can we make neural nets w/ HPC?

Restrictions (obstacles) to use ML on physics:

- Improve efficiency of simulations to beyond our current numerical limitations
What we want to solve?

 = Dog(
1
0
0)



Gauge symmetric 
neural networks for MCMC

18



Akio Tomiya
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Introduction
Configuration generation with machine learning is developing
Year Group ML Dim. Theory Gauge sym Exact? Fermion? Reference
2017 AT, Akinori 

Tanaka
RBM  

+ HMC 2d Scalar - No No arXiv: 1712.03893
2018 K. Zhou+ GAN 2d Scalar - No No arXiv: 1810.12879
2018 J. Pawlowski + GAN


+HMC 2d Scalar - Yes? No arXiv: 1811.03533
2019 MIT+ Flow 2d Scalar - Yes No arXiv: 1904.12072
2020 MIT+ Flow 2d U(1) Equivariant Yes No arXiv: 2003.06413
2020 MIT+ Flow 2d SU(N) Equivariant Yes No arXiv: 2008.05456
2020 AT, Akinori 

Tanaka + SLMC 4d SU(N) Invariant Yes Partially arXiv: 2010.11900
2021 M. Medvidovic´+ A-NICE 2d Scalar - No No arXiv: 2012.01442
2021 S. Foreman L2HMC 2d U(1) Yes Yes No
2021 AT+ SLHMC 4d QCD Covariant Yes YES!
2021 L. Del 

Debbio+ Flow 2d Scalar, O(N) - Yes No
2021 MIT+ Flow 2d Yukawa - Yes Yes
2021 S. Foreman, 

AT+
Flowed 
HMC 2d U(1) Equivariant Yes No but compatible arXiv: 2112.01586

2021 XY Jing Neural net 2d U(1) Equivariant Yes No
2022 J. Finkenrath Flow 2d U(1)
 Equivariant Yes Yes (diagonalization) arxiv: 2201.02216

2022 MIT+ Flow 2d, 4d U(1), QCD Equivariant Yes Yes arXiv:2202.11712 +

2022 AT+ Flow 2d, 3d Scalar Yes
… … … … … … … … …

and more +
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Introduction
Symmetry is important

Akio Tomiya

• Symmetry is a central concept in theoretical physics 


• Lattice QCD fully uses symmetry, not only global 
symmetry but also gauge symmetry 


• To use neural networks in QCD,  
we need gauge symmetric neural networks
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What is conv. neural networks?
Convolution layer = trainable filter

Akio Tomiya

0 1 0

1 -2 1

0 1 0* =
Filter on image

w11 w12 w13

w21 w22 w23

w31 w32 w33*

Convolution layer

Laplacian filter

Edge detection

Trainable filter

→
Edge detection
Smoothing
…

This can be any filter which helps feature extraction 
but still transitionally equivariant!

Fukushima, Kunihiko (1980)
Zhang, Wei (1988) + a lot!

1 2 1

2 4 2

1 2 1

1
16

Gaussian filter

(Discretization of )∂2

(Gaussian filter)

IMPORTANT: If inputs are shifted to right, outputs are shifted to right
= translationally equivaliant (similar to covariance, operation just commute)
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Smearing
Smoothing improves global properties

Akio Tomiya

Eg. Coarse image Smoothened image

Numerical derivative is unstable Numerical derivative is stable


We want to smoothen gauge configurations

with keeping gauge symmetry

APE-type smearing

Stout-type smearing
Two types:

M. Albanese+ 1987
R. Hoffmann+ 2007

C. Morningster+ 2003

1 2 1

2 4 1

1 2 1

1
16

Gaussian filter
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Smearing
Smoothing with gauge symmetry, APE type

Akio Tomiya

APE-type smearing

Uμ(n) → Ufat
μ (n) = 𝒩 [(1 − α)Uμ(n) +

α
6

V†
μ[U](n)]

V†
μ[U](n) = ∑

μ≠ν

Uν(n)Uμ(n + ̂ν)U†
ν (n + ̂μ) + ⋯

𝒩 [M] =
M

M†M

= + ∑
ν

α
6𝒩[ ]

Schematically,

(1 − α)

Or projection

M. Albanese+ 1987
R. Hoffmann+ 2007

&   shows same transformationV†
μ[U ](n) Uμ(n)

→  is as wellU fat
μ [U ](n)

+

NormalizationCovariant sum

We can promote this idea to neural network!

= + ∑
ν

w2𝒩[ ]w1 +
,  are weights, and we can train them!w1 w2
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Intuitive picture of these works
Find a effective action for simulations w/ neural nets

Akio Tomiya

F − Fnormal = α |ψ |2 +
β
2

|ψ |4 +
1

2m
| (−iℏ∇ − 2eA)ψ |2

Effective action

~ Fit Ansatz (GL equation)

⟨𝒪⟩ =
1

Nsample

Nsample

∑
k=1

𝒪[Uk]

⟨𝒪⟩ =
1
Z ∫ DUe−SQCD[U]𝒪(U)Saction = fNeural net[U]

Effective action

~ Fit Ansatz (Neural net)


for lattice QCD?

More efficient MCMC?
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Covariant CNN
Covariant CNN: convolution type

Akio Tomiya

Loss = ∑
data

S(quark)[U(cov)[U]; m = 0.4]−S(quark)[U; m = 0.3]
2

S(quark)[U; m] = ∑
n

ϕ†(D[U] + m)−1ϕ

To make a new effective action, we build it with existing quark action,

by shifting mass larger. This would improve the condition number

Quark action

HMC = Molecular-dynamics + Metropolis-test

S(quark)[U; m] = ∑
n

ϕ†(D[U] + m)−1ϕ

S(quark)[U; m] = ∑
n

ϕ†(D[U(cov−net)[U]] + m′￼)−1ϕMolecular-dynamics

Metropolis-test
The gauge action is common

Exact action in Met-test ensures exactness

while we use neural network effective action in MD

(NN effective action)
m’ > m
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SLHMC for gauge system with dynamical fermions

Akio TomiyaGauge covariant net& SLHMC

HMC U U U U U U

U′￼U

π

ϕ

π′￼

ϕ M
et

ro
po

lis

G
au

ss Eo
m

Eo
m

Eo
m

Eo
m

Eo
m

Eom Metropolis

Both use 
HHMC = ∑ π2 + Sg + Sf

SLHMC U U U U U U

U′￼U

π

ϕ

π′￼

ϕ M
et

ro
po

lis

G
au

ss Eo
m

’Eo
m

Eo
m

’Eo
m

Eo
m

’

Eom’

Metropolis
H = ∑ π2 + Sg + Sf[U]

H = ∑ π2 + Sg + Sf[UNN[U]]

Fermion action is  
approximated one but exact

Non-conservation of H cancels since

the molecular dynamics is reversible

arXiv: 2103.11965 and reference therein



Akio Tomiya
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Gauge covariant net& SLHMC
Results are consistent with each other

Expectation value

arXiv: 2103.11965 + statistics



Gauge symmetric 
Transformer for LQCD/MCMC

28



Akio Tomiya
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Convolutional Neural network have been good job but local
Equivariance and convolution

However, 1 step of convolutional layer can pick up only local correlation 
and representability of  neural networks is limited. Global correlations are 
sometimes important. 
How can we overcome these difficulties?

Long range correlation in input is 

captured by deep layers

since operation is local

e.g.  
1d Input image

conv ~ neural net with n-th nearest neighbor connections (local)

conv

conv

2106.04554
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Attention layer used in Transformers (GPT etc)

Akio TomiyaConfiguration generation in LQCD
arXiv:1706.03762

Attention layer (in transformer model) has been 
 introduced in a paper titled 

“Attention is all you need” (1706.03762)

State of the art architecture of language 

processing.

Attention layer is essential.



31

Attention layer can capture non-local correlations

Akio TomiyaConfiguration generation in LQCD

I am Akio Tomiya living in Japan, who studies machine learning and physics

Modifier in language can be non-local

In physics terminology, this is non local correlation.

The attention layer enables us to treat non-local correlation

arXiv:1706.03762

Eg.

X =
I

am
Akio

⋮

WQX

WKX

WVX

M = WQX(WKX )⊤

ReLU(M )WVX

Self-Attention

Weighted 
Block- 
spin 
Transf. 
(Trainable)

Add & normalization

Skip connection

Non-local product 
(Non-local  

correlation)
X′￼

Array of word vectors

Word~vector

X: matrix

These can be repeated

Simplified version of Attention/Transformer
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Equivariant Attention layer

Akio TomiyaSelf-learning Monte-Carlo

S =

Self-Attention block

Add & Norm

Self-Attention block

Add & Norm

S

WQS WKS WVS

M = WQS(WKS)⊤

SA = ReLU(M )WVS

Self-Attention block

arXiv: 2306.11527.

Smeared fields 
Rot. equivariant 
Trsl. equivariant 
trainable!

S(l) ≡ 𝒩 (S(l−1) + SA)

We can construct effective hamiltonian with output of Attention layer 
because “output of Attention = smeared fields with non-local correlation”

HLinear
eff = − ∑

⟨i, j⟩

JeffSeff
i ⋅ Seff

j + E0

Smearing 
Rot. equivariant 
Trsl. equivariant 
trainable!

Sk
ip

 c
on

Sk
ip

 c
on

See Yuki Nagai’s talk!
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CASK: Covariant Transformer
Lattice gauge covariant attention

Akio Tomiya

Attention matrix in transformer ~ correlation function (with block-spin transformed spin)
-> we replace it with “correlation function of links” in a covariant way

ji

aij ∼ (R ⃗S)⊤
i R ⃗Sj = ⃗S⊤

i
⃗Sj

ji

aiμ,jμ ∼ Re tr Uμ(i)U†
μ( j)

not invariant

(cannot be used)

invariant under 
local SU(N)

ji
V

invariant

under global O(3)

aiμ,jμ ∼ Re tr Vμ(i)U†
μ( j)

U U†

U†

aij ∼ ⃗Si ⋅ ⃗Sj

In total, output is covariant

(with activation)

(with activation)

In total, output is covariant

Attention for spins

2310.13222 AT+,2306.11527 AT+

Lattice gauge covariant attention

arXiv: 2501.16955

Gauging
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CASK: Covariant Transformer
CASK for SU(2), SU(3) gauge theory + fermions

Akio Tomiya

Preliminary
CovNet

• Dynamical simulation


• , SU(2), ma = 0.3 
33% larger mass in MD


• CASK has better expressibility 
than CovNet (Covariant CNN)


• SU(3) works as well

L4 = 44

    CovNet (convolution based, baseline)

       CASK (transformer based)

U(CovNet)
μ = g(CovNet)

θ U(in)
μ

U(CASK)
μ = g(CASK)

θ U(in)
μ

Loss = ∑
data

S(quark)[U(NN−out); m = 0.4] − S(quark)[U; m = 0.3]
2

arXiv: 2501.16955

S(quark)[U; m] = ∑
n

ϕ†(D[U] + m)−1ϕ

# of layers

Comparison Covariant convolution (CovNet) and  Covariant transformer (CASK)

Energy function

U(NN−out) = {



Performant code with NN

35
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Other codes, motivations
Julia is the best for LQCD + ML

Akio Tomiya

• Big success of lattice QCD. Quantitative and non-perturbative


• Machine learning? We need test applicability of it! 

• A code for “machine learning + lattice QCD”?


• Lattice QCD is expensive. Fortran/C++ with parallelization


• e.g.  matrix operation for 


• Python is used for machine learning. But SLOW!  
We can use libraries written in C++, but debugging is hard


• Julia language supports both of performance and  
AutoGrad. No stress from “two languages”

O(109) × O(109) L4 = 1004
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Open source LQCD code in Julia Language

Akio Tomiya

Functionality: SU(Nc)-heatbath, (R)HMC, Self-learning HMC, Dynamical fermions 
                       Measurements (chiral condensate, topological charge, etc), MPI, GPU

Start LQCD

 in 5 min

Lattice QCD?
AT & Y. Nagai

1. Download Julia binary

2. Add the package through Julia package manager

3. Execute!

https://github.com/akio-tomiya/LatticeQCD.jl

Run almost everywhere: Laptop/Colab/Jupyter/Supercomputers 
Advantage: Portability, no-explicit compile, fast, Quick trial-and-error feedback loop

Code

arXiv:2409.03030 Video: https://youtu.be/Z-CT8A2R_-w

https://github.com/akio-tomiya/LatticeQCD.jl
https://youtu.be/Z-CT8A2R_-w


This talk is based on 

JPSJ 86, 063001 (2017) 
JPSJ 94, 031006 (2025)
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Summary
AI/code for quantum fields

Akio Tomiya

38

• Phase transition in Ising model 

• It can be seen from weights of neural net. It can be determined 
without prior knowledge  

• Gauge covariant convolution for gauge theory 

• It works but might be inefficient if there are long range correlations 
induced by fermions 

• Gauge covariant transformer for gauge theory 

• It works well. It shows scaling law? (need more systematic study) 

• Code: Julia works both for HPC and ML, so best choice for this field

KAKENHI: 20K14479, 22H05112, 22H05111, 22K03539 Thanks!

http://bit.ly/3JrEjIs

Code

http://bit.ly/3JrEjIs
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