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“Nature is quantum […] 
so if you want to 

simulate it, you need a 
quantum computer”  
- Richard Feynman 

(1982)

Easier said than done … so how do we do that?

Beginning of a scientific journey that accelerated in recent years 
tremendously….

Tunnelling is an immanently  
quantum mechanical phenomenon

Present in nature in various forms, eg:

• Possible first-order phase transitions in the 
early Universe -> stochastic Grav Waves

• Nuclear fusion in stars

• Radioactive decays, e.g. alpha decay

• Scanning Tunnelling Microscopy (STM)

• Proton tunnelling in biological systems
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Analog vs Digital Quantum Computing
Analog and digital quantum computing are two different approaches to  
quantum computing, each with its own advantages and disadvantages.

Digital Quantum Computing (DQC):  

• Digital quantum computing, also known 
as gate-based quantum computing

• Uses quantum logic gates to perform 
operations on qubits

• Considered to be more versatile than 
analog computing.

Example: IBM's and Google’s quantum 
computers use the gate-based model of 
quantum computing.

• However, might require higher level of 
control over the quantum system, which 
can be challenging

 Analog Quantum Computing (AQC): 

• Based on the principle of quantum evolution of 
a quantum system, e.g. quantum annealing

• The system uses its intrinsic quantum dynamics, 
following the Schroedinger Equation

Example: D-Wave Systems. The D-Wave quantum 
annealer uses a network of qubits that can 
collectively tunnel through the solution space to 
find the global minimum of a given function.


• Ground state represents the solution to the 
problem at hand

• Not always universal, but often well-suited 
for optimisation problems
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Protein-folding and Levinthal’s Paradox
• Elongated proteins fold to same state within 
microseconds

• Some proteins have 3    conformations    300

• Levinthal’s Paradox (1969):  
Sequential sampling of states would take 
longer than lifetime of Universe (even if 
only nanoseconds per state spent)

• Solution: No sequential sampling, but 
rapid descend into the potential minimum.

Solution of mathematical problem can 
be found quickly if encoded in ground 

state of complex system 

Optimisation = Life
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Classical

ML Algorithms

Simulation of field theories (Groundstate, tunnelling, Real-time…)
Data Analysis (Classification, anomaly, regression, fitting, …)

Quantum 
Computing

1. an adaptable complex system that allows approximating a complicated function

2. the calculation of a loss function used to define the task the method

3. a way to update 1. while minimising the loss function

optimisation
Calculation of differential equations, etc etc

quantum: annealing

hybrid: classical opti.

ground state 
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Analog quantum computing
[Farhi, Goldstone, 

Gutmann ’00]
[Aharonov, et al ’07]

Adiabatic quantum computing (AQC): If Hamiltonian changed 
smoothly and slowly enough system remains in ground state

➡ D-wave:

As we stated in the introduction, the purpose if this
study is not to recover these classical instanton solutions
for the tunnelling per se, as they are well-known, but
rather to demonstrate that the corresponding field-theory
configuration can be suitably encoded into a quantum
annealer. Once we have established this as a working
principle, one could even envisage testing for the above
behaviour directly. Therefore we will in what follows fo-
cus on using a quantum annealer to recover the simple
c = 0 solution required for the thin-wall regime, as a
proof of principle. We will therefore set ourselves the
task of minimising the corresponding action integral,

S1 =

Z 1

0
d⇢

1

2
�̇
2 + U(�) , (7)

which should yield a solution of the form shown in Fig.2b.

III. ENCODING THE FIELD THEORY

Let us start with the central problem, which is how
to formulate a continuous scalar field theory on quantum
annealers. A quantum annealer is based on the adia-
batic theorem of quantum mechanics, which implies that
a physical system will remain in the ground state if a
given perturbation acts slowly enough, and if there is a
gap between the ground state and the rest of the system’s
energy spectrum [24]. For the annealer to provide a so-
lution to a mathematical problem, e.g. the calculation
of �(⇢) for Eq. 7, we have to find a mapping such that
the expectation value of its Hamiltonian can be identi-
fied with its solution, i.e. that it allows in this example
to identify

�(⇢) () lim
t!0

hHQA(t)i . (8)

The form of the Hamiltonian available to a quantum
annealer is that of a general Ising model, in addition to
a time-dependent transverse field:
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where �
Z
i =

✓
1 0
0 �1

◆
(�Z |0i = |0i, �Z |1i = �|1i) is

the Pauli Z operator, with the subscript indicating which
spin it acts upon, and �

X is its friend pointing in the X-
direction. The gradual decrease of �(t) ! 0 from a large
value should drive the system into the ground state of
the time-independent part of the Hamiltonian, and this
is where we will put the field theory:
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X
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Z
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i

hi�
Z
i . (10)

It is worth noting that the couplings Jij and hi could
also be adiabatically adjusted in the annealing process,
and this could ultimately be used to adjust the potential

U(�) of a system in the quantum annealer so as to observe
tunnelling, assuming it can be encoded. We will further
split the Hamiltonian into three generic pieces, as

H = H(chain) +H(QFT) +H(BC)
. (11)

Here, H(QFT) is the Hamiltonian corresponding to the
minimisation of the action in Eq. 7 and H(BC) is a Hamil-
tonian that we add to enforce the boundary conditions2.

However our first task is to encode continuous field
values over a continuous domain, with only the discrete
Ising model to hand: this is what H(chain) is for. We begin
by splitting the radius variable ⇢ into M � 1 discrete
values and the field value at the `’th position into N � 1
discrete values:

⇢` = `⌫ = ⌫ . . .M⌫

�(⇢l) = �0 + ↵l⇠ = �0 + ⇠ . . . �0 +N⇠ ,

where in the present context one might for example take
a fiducial value �0 ⇡ �a and ⇠ = 2a/N , with M⌫ =
�⇢. Thus our Ising interaction Jij is an (MN)⇥ (MN)
matrix, while hi is an (NM)-vector.

We must now separate those spins in the annealer that
correspond to fields at different values of `, effectively
splitting Jij and hi into N ⇥ N sub-blocks. To do this
we will utilise the Ising-chain domain wall representation
introduced in [47]. That is for every position ` we add to
the Hamiltonian

H(chain)
` = �⇤

0

@
N�1X

j=1

�
Z
`N+j�

Z
`N+j+1 � �

Z
`N+1 + �

Z
`N+N

1

A .

(12)
As shown in [47], taking ⇤ to be much larger than ev-
ery other energy scale in the overall Hamiltonian, these
terms will constrain the system to remain in the ground
subspace of the Hamiltonian, where exactly one spin po-
sition, ↵` say, is frustrated for each `. These states are
of the form

|11...100...0i` =) �(⇢`) = �0 + ↵`⇠ , (13)

where in the above the discretised field value is repre-
sented by the position ↵` of the frustrated domain wall.
Conversely the field value at the `’th position can be
found by making the measurement

�(⇢`) =
1

2

N�1X

j=1

(�0 + j⇠) h�Z
`N+j+1 � �

Z
`N+ji , (14)

which only receives a contribution from frustrated spin
position with j = ↵`. For later, it is useful to note that
this is equivalent to

�(⇢`) = �0 +
N⇠

2
� ⇠

2

NX

j=1

h�Z
`N+ji . (15)

2 For a classical neural network-based approach to solving Eq. 2
by treating it as an optimisation problem see [46].

3

Quantum annealing: transition from ground state of initial Hamiltonian into 
ground state of problem Hamiltonian, potentially via tunnelling

Quantum Annealer = Laboratory for QFT
[Abel, MS ’20]

[Abel, Chancelor, MS ’20]

• Thermal transitions are fast 
over broad shallow 
potentials 

• Quantum tunnelling is fast 
through tall thin potentials

[King et al ’22]
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A quantum laboratory for QFT and QML

• Using the spin-chain approach for field theories discussed before, we can 
encode a QFT on a quantum annealer and study its dynamics directly.

• To show that the system is a true and genuine quantum system we 
investigate if the state can tunnel from a meta-stable vacuum into a the 
true vacuum.

of nonperturbative phenomena by studying them exper-
imentally. It may even be possible to observe new phe-
nomena that have not yet been anticipated. For this
study we will of course be limited by the hardware that is
available to us, so the discussion is necessarily restricted
to the simpler field theories that can exhibit instanton-
like behaviour, namely the aforementioned d = 1 scalar
field theory. Nevertheless, within this theory we will be
able to set-up a potential that we then manipulate by
hand so that it develops a non-trivial vacuum structure
that induces tunnelling. We believe this is the first time
that it has been possible to implement instanton pro-
cesses in a freely chosen quantum field theory and observe
such phenomena experimentally.

II. SET-UP FOR FALSE VACUUM DECAY

It will be convenient for several practical reasons to
set-up a physical system on the annealer that recreates
quantum decay in a potential of the form

U(�) =
3

4
tanh2 �� k(t) sech2 (c(�� v)) , (1)

where c, v are constants while k is time-dependent, and
�(t) is the field. Note that � is the dimensionless object
that we will define on the annealer. When required we
will convert it into a dimensionful field ⌘ by defining

� = ⌘/⌘0 , (2)

where ⌘0 is a constant. In the d = 1 field theory there
are of course no space dimensions, and at leading order
it is isomorphic to quantum mechanics (with � playing
the role of x). However the d = 1 field theory formalism
allows for particle creation and is the starting point for
generalisation to higher dimensions, as discussed in the
introduction.

The first term in U provides a potential-well around
� = 0 which in principle allows the system to begin as a
bound-state there. As mentioned this is one of the bene-
fits of annealers over discrete gate systems: in order first
to reach a ground state, a system has to dissipate. The
k-term will then be turned on adiabatically during the
anneal in order to allow tunnelling into the global mini-
mum that forms at � = v. For this study we shall mostly
take c = 1, so that the potential during the tunnelling
period will consist of equally sized potential wells. The
potential is plotted in Fig.1 for k = 1 and various values
of separation parameter v.

This function has several nice properties for our pur-
poses. One is that each individual well has the Pöschl-
Teller �sech2� form, which can be solved. Moreover
the potentials around each minimum decay exponentially.
This makes it possible to “turn on” the global true min-
imum by adjusting k without significantly altering the
profile of the potential around the false minimum (un-
like the more commonly considered case of quartic po-

Figure 1: The double-Pöschl-Teller potential well for different
k and v. The system is initialised around � = 0 and allowed
to decay to the true minimum at � ⇡ v.

tentials). Other useful features of this choice will be dis-
cussed below when they become relevant.

We will begin the system with k = 0, such that it
falls into a Pöschl-Teller ground state. Assuming that
the completion of the potential into a d = 1 field the-
ory ultimately corresponds to the Schrödinger equation,
the ground state (and its excited friends) in such a po-
tential can be determined using factorisation and ladder-
operator methods (see for example [30, 31]). In a theory
where

2m⌘20
~2 U = �(�+ 1) tanh2�, (3)

the bound states are given by Legendre polynomials of
the form Pµ

� (tanh �), and the ground state, P�
� (tanh �),

is given by

 0(�) = N0 sech�� , (4)

where the normalisation constant is

N
2
0 = ⇡� 1

2�(�+ 1/2)/�(�) .

This state, which is our idealised starting state, has en-
ergy

E0 =
~2�
2m⌘20

. (5)

We will not know a priori the value of

�
def
= ~2/2m⌘20

in the effective field theory induced on the annealer, and
estimating it will essentially constitute our calibration.
In order to do this we could for example multiply U by
a constant, ↵ say, and by trial-and-error find a value for
↵ that yielded a ground state wave function of the form
 0 = sech(�)/

p
⇡ corresponding to � = 1/2. According

to (3) that value of ↵ would be equal to �. However this is
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• Choose a potential of interest:
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tentials). Other useful features of this choice will be dis-
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We will begin the system with k = 0, such that it
falls into a Pöschl-Teller ground state. Assuming that
the completion of the potential into a d = 1 field the-
ory ultimately corresponds to the Schrödinger equation,
the ground state (and its excited friends) in such a po-
tential can be determined using factorisation and ladder-
operator methods (see for example [30, 31]). In a theory
where

2m⌘20
~2 U = �(�+ 1) tanh2�, (3)

the bound states are given by Legendre polynomials of
the form Pµ

� (tanh �), and the ground state, P�
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is given by
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In order to do this we could for example multiply U by
a constant, ↵ say, and by trial-and-error find a value for
↵ that yielded a ground state wave function of the form
 0 = sech(�)/

p
⇡ corresponding to � = 1/2. According

to (3) that value of ↵ would be equal to �. However this is

2

is the field and c, v are dimless constants

[Abel, MS ’20]

- aiming to go beyond the reach of classical computers -

• For real-time evolution of field theory on QA see [Fromm, Philipsen, Winterowd ’22] 
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D-Wave reverse annealing
starts at sq=1 (classical) -> sq < 1 (quantum) -> measurement in sq=1 (classical)

demanding to do (in terms of annealer time), and it is not
always obvious which is the value of �. We will instead
determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.

Let us now consider the tunnelling into the global min-
imum once k is turned on. The expected decay rate can
be computed using instanton methods. In d = 1 dimen-
sional field theory this means writing the path integral
for the non-relativistic propagation of the physical field
⌘ = ⌘0� as a worldline integral:

h⌘i|⌘f i =

Z ⌘(T )=⌘f

⌘(0)=⌘i

D⌘ e�i~�1 R T
0 dt( 1

2m⌘̇2�(U�E0)), (6)

where the path is between points ⌘i inside and ⌘f outside
the barrier and T is the time. As usual the integral is
dominated by the stationary phase contribution, but in
order to evaluate it efficiently we deform t in the complex
t plane by making a Wick rotation t ! �it and use the
Euclidean steepest-descent contour instead:

h⌘i|⌘f iE =

Z ⌘(T )=⌘f

⌘(0)=⌘i

D⌘ e
�~�1 R

dt
⇣

m⌘̇2

2 +U�E0

⌘

. (7)

This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is

�SE = 0 =) m⌘̈ = U⌘, (8)

which gives the usual classical solution

⌘̇cl = ±

p
2(U � E0)/m, (9)

corresponding to energy conservation for a ball rolling in
the inverted potential between turning points at ⌘+ and
⌘e. Substituting then gives the classical action

SE,cl =

Z ⌘e

⌘+

d⌘
p
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In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:
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where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:
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Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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demanding to do (in terms of annealer time), and it is not
always obvious which is the value of �. We will instead
determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.

Let us now consider the tunnelling into the global min-
imum once k is turned on. The expected decay rate can
be computed using instanton methods. In d = 1 dimen-
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This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is

�SE = 0 =) m⌘̈ = U⌘, (8)

which gives the usual classical solution
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In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:
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where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:
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Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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demanding to do (in terms of annealer time), and it is not
always obvious which is the value of �. We will instead
determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.

Let us now consider the tunnelling into the global min-
imum once k is turned on. The expected decay rate can
be computed using instanton methods. In d = 1 dimen-
sional field theory this means writing the path integral
for the non-relativistic propagation of the physical field
⌘ = ⌘0� as a worldline integral:
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where the path is between points ⌘i inside and ⌘f outside
the barrier and T is the time. As usual the integral is
dominated by the stationary phase contribution, but in
order to evaluate it efficiently we deform t in the complex
t plane by making a Wick rotation t ! �it and use the
Euclidean steepest-descent contour instead:

h⌘i|⌘f iE =

Z ⌘(T )=⌘f

⌘(0)=⌘i

D⌘ e
�~�1 R

dt
⇣

m⌘̇2

2 +U�E0

⌘

. (7)

This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is

�SE = 0 =) m⌘̈ = U⌘, (8)

which gives the usual classical solution

⌘̇cl = ±
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corresponding to energy conservation for a ball rolling in
the inverted potential between turning points at ⌘+ and
⌘e. Substituting then gives the classical action
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In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:
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where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:
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Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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demanding to do (in terms of annealer time), and it is not
always obvious which is the value of �. We will instead
determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.

Let us now consider the tunnelling into the global min-
imum once k is turned on. The expected decay rate can
be computed using instanton methods. In d = 1 dimen-
sional field theory this means writing the path integral
for the non-relativistic propagation of the physical field
⌘ = ⌘0� as a worldline integral:
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where the path is between points ⌘i inside and ⌘f outside
the barrier and T is the time. As usual the integral is
dominated by the stationary phase contribution, but in
order to evaluate it efficiently we deform t in the complex
t plane by making a Wick rotation t ! �it and use the
Euclidean steepest-descent contour instead:
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This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is

�SE = 0 =) m⌘̈ = U⌘, (8)

which gives the usual classical solution

⌘̇cl = ±

p
2(U � E0)/m, (9)

corresponding to energy conservation for a ball rolling in
the inverted potential between turning points at ⌘+ and
⌘e. Substituting then gives the classical action
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In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:
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where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:
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Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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The tunnelling probability in a QFT is calculated by evaluating the path-integral in Euclidean 
space around the action’s critical points using the steepest gradient-descent method
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determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.

Let us now consider the tunnelling into the global min-
imum once k is turned on. The expected decay rate can
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This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is
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In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:
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where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:

log� ⇡ �2~�1SE ⇡

r
3

�

✓
5

3
� v

◆
. (14)

Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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For the tunnelling rate with

of nonperturbative phenomena by studying them exper-
imentally. It may even be possible to observe new phe-
nomena that have not yet been anticipated. For this
study we will of course be limited by the hardware that is
available to us, so the discussion is necessarily restricted
to the simpler field theories that can exhibit instanton-
like behaviour, namely the aforementioned d = 1 scalar
field theory. Nevertheless, within this theory we will be
able to set-up a potential that we then manipulate by
hand so that it develops a non-trivial vacuum structure
that induces tunnelling. We believe this is the first time
that it has been possible to implement instanton pro-
cesses in a freely chosen quantum field theory and observe
such phenomena experimentally.

II. SET-UP FOR FALSE VACUUM DECAY

It will be convenient for several practical reasons to
set-up a physical system on the annealer that recreates
quantum decay in a potential of the form

U(�) =
3

4
tanh2 �� k(t) sech2 (c(�� v)) , (1)

where c, v are constants while k is time-dependent, and
�(t) is the field. Note that � is the dimensionless object
that we will define on the annealer. When required we
will convert it into a dimensionful field ⌘ by defining

� = ⌘/⌘0 , (2)

where ⌘0 is a constant. In the d = 1 field theory there
are of course no space dimensions, and at leading order
it is isomorphic to quantum mechanics (with � playing
the role of x). However the d = 1 field theory formalism
allows for particle creation and is the starting point for
generalisation to higher dimensions, as discussed in the
introduction.

The first term in U provides a potential-well around
� = 0 which in principle allows the system to begin as a
bound-state there. As mentioned this is one of the bene-
fits of annealers over discrete gate systems: in order first
to reach a ground state, a system has to dissipate. The
k-term will then be turned on adiabatically during the
anneal in order to allow tunnelling into the global mini-
mum that forms at � = v. For this study we shall mostly
take c = 1, so that the potential during the tunnelling
period will consist of equally sized potential wells. The
potential is plotted in Fig.1 for k = 1 and various values
of separation parameter v.

This function has several nice properties for our pur-
poses. One is that each individual well has the Pöschl-
Teller �sech2� form, which can be solved. Moreover
the potentials around each minimum decay exponentially.
This makes it possible to “turn on” the global true min-
imum by adjusting k without significantly altering the
profile of the potential around the false minimum (un-
like the more commonly considered case of quartic po-

Figure 1: The double-Pöschl-Teller potential well for different
k and v. The system is initialised around � = 0 and allowed
to decay to the true minimum at � ⇡ v.

tentials). Other useful features of this choice will be dis-
cussed below when they become relevant.

We will begin the system with k = 0, such that it
falls into a Pöschl-Teller ground state. Assuming that
the completion of the potential into a d = 1 field the-
ory ultimately corresponds to the Schrödinger equation,
the ground state (and its excited friends) in such a po-
tential can be determined using factorisation and ladder-
operator methods (see for example [30, 31]). In a theory
where

2m⌘20
~2 U = �(�+ 1) tanh2�, (3)

the bound states are given by Legendre polynomials of
the form Pµ

� (tanh �), and the ground state, P�
� (tanh �),

is given by

 0(�) = N0 sech�� , (4)

where the normalisation constant is

N
2
0 = ⇡� 1

2�(�+ 1/2)/�(�) .

This state, which is our idealised starting state, has en-
ergy

E0 =
~2�
2m⌘20

. (5)

We will not know a priori the value of

�
def
= ~2/2m⌘20

in the effective field theory induced on the annealer, and
estimating it will essentially constitute our calibration.
In order to do this we could for example multiply U by
a constant, ↵ say, and by trial-and-error find a value for
↵ that yielded a ground state wave function of the form
 0 = sech(�)/

p
⇡ corresponding to � = 1/2. According

to (3) that value of ↵ would be equal to �. However this is

2

demanding to do (in terms of annealer time), and it is not
always obvious which is the value of �. We will instead
determine an estimate for � in the effective field theory
by studying the ground state of the simple-harmonic-
oscillator (SHO) potential, and fitting the wave-function
to the ground state. Either way it is unavoidable that
one must also determine � as an empirical parameter.

Let us now consider the tunnelling into the global min-
imum once k is turned on. The expected decay rate can
be computed using instanton methods. In d = 1 dimen-
sional field theory this means writing the path integral
for the non-relativistic propagation of the physical field
⌘ = ⌘0� as a worldline integral:

h⌘i|⌘f i =

Z ⌘(T )=⌘f

⌘(0)=⌘i

D⌘ e�i~�1 R T
0 dt( 1

2m⌘̇2�(U�E0)), (6)

where the path is between points ⌘i inside and ⌘f outside
the barrier and T is the time. As usual the integral is
dominated by the stationary phase contribution, but in
order to evaluate it efficiently we deform t in the complex
t plane by making a Wick rotation t ! �it and use the
Euclidean steepest-descent contour instead:

h⌘i|⌘f iE =

Z ⌘(T )=⌘f

⌘(0)=⌘i

D⌘ e
�~�1 R

dt
⇣

m⌘̇2

2 +U�E0

⌘

. (7)

This describes the propagator from ⌘i to the endpoint,
but we are most interested in the exponentially decay-
ing part. The steepest descent contour that determines
it corresponds to the classical solution of the Euclidean
equation of motion ⌘cl with endpoints at ⌘+, ⌘e, where ⌘e
is the escape point, namely the point where U = E0, with
the quantum fluctuations providing pre-factors. That is

�SE = 0 =) m⌘̈ = U⌘, (8)

which gives the usual classical solution

⌘̇cl = ±

p
2(U � E0)/m, (9)

corresponding to energy conservation for a ball rolling in
the inverted potential between turning points at ⌘+ and
⌘e. Substituting then gives the classical action

SE,cl =

Z ⌘e

⌘+

d⌘
p
2m(U � E0) , (10)

and letting ⌘ = ⌘cl + �⌘ yields a quantum prefactor;

h⌘i|⌘f iE =

Z
D�⌘ e

�~�1 R
dt

✓
m(⌘̇cl+�⌘̇)2

2 +U(⌘cl+�⌘)�E0

◆

,

= Ae�~�1SE,cl , (11)

with the decay rate � = |h⌘i|⌘f iE |2 becoming

� ⇡ e�2~�1SE,cl . (12)

In principle these solutions should then be matched on
to oscillating solutions at the turning points, but these

oscillating parts do not change the decay rate. Thus re-
gardless of the time T , the exponential decay in the am-
plitude between points either side of the barrier will be
dominated by this saddle point approximation, as one
would expect. As mentioned the d = 1 field theory is
isomorphic to the Schrödinger equation (SE) at leading
order and indeed the same result can be obtained us-
ing the WKB method. However the d = 1 system ac-
tually includes all the paraphernalia of field theory, in-
cluding loop corrections, particle pair production and so
forth. In principle then it presents a useful laboratory for
testing both perturbative and nonperturbative aspects of
quantum field theory, and future generalisation of our
discussion to higher dimensions could be performed very
straighforwardly by including discretised space derivative
terms. Only the limited dimensions and connectivity of
the annealer prevent us doing this.

How can we test this decay rate in a quantum annealer
directly? The assumption we will make is that the trans-
verse field component of the annealer induces an effec-
tive �̇2 term into any field theory we encode on it, with
some unknown coefficient. Therefore our method will be
to construct on the annealer a potential U as given in
Eq.(1) and, by observing its decay rates, test to see if
the annealer has indeed turned it into a d = 1 QFT. The
object of interest is therefore the exponent in the decay
rate:

~�1SE =

Z ⌘e

⌘+

r
2m(U � E0)

~2 d⌘ (13)

⇡ �� 1
2

Z �e

�+

r
3

4
tanh2 �� sech2(�� v) d� ,

where we have set c = 1. Obviously this integral becomes
linear in v at large values, but a second advantage of the
Pöschl-Teller potential barrier is that it remains so to a
very good approximation, even for values of v of order
one, as shown in Fig.2:

log� ⇡ �2~�1SE ⇡

r
3

�

✓
5

3
� v

◆
. (14)

Thus we expect exponential decay with an exponent
falling linearly with v. Crucially this behaviour is quali-
tatively different from thermal tunneling which has little
dependence on the barrier width v. For that one would
instead expect to recover the Arrhenius equation, with
� ⇠ e�Ea/kT , where Ea is the activation energy 3.

3 This can be seen using the same techniques [7], but now the finite-
temperature field theory is genuinely Euclidean, with compact-
ified time having periodicity given by the temperature, namely
tE = 1/kT . The instanton has to satisfy the periodicity con-
dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room
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dition, and the time coordinate is rescaled accordingly with
� = 1/kT . For high temperatures there is effectively no room

3

quantum annealer

      Quantum 100 X AI               Muenster      Michael Spannowsky           12.11.2025                   9



      Quantum 100 X AI               Muenster      Michael Spannowsky           12.11.2025                   10



Implemented and executed on D-Wave Q2000 machine

1/
N t

ot
∂N

/∂
ϕ

      Quantum 100 X AI               Muenster      Michael Spannowsky           12.11.2025                   11



      Quantum 100 X AI               Muenster      Michael Spannowsky           12.11.2025                   12



Implemented and executed on D-Wave Q2000 machine
1/

N t
ot

∂N
/∂

ϕ

      Quantum 100 X AI               Muenster      Michael Spannowsky           12.11.2025                   13



Figure 8: The transition probabilities for different v with sq =
0.7 after ttunnel = 100µs.

Figure 9: Best fit values for the tunnelling fraction P (v) =
ae�bv for varying vacuum expectation values v, with tun-
nelling time ttunnel = 100µs are a = 50.5 and b = 2.29.

energy Ea) increasing with v.
In order to probe this particular question, we will now

examine a potential that provides a cleaner separation
between quantum and thermal behaviour, as shown in
Figure 10. The potential is divided up more precisely
than before, in the manner described earlier, so that it is
of the form in (24) where we take C0 = 0.2 as our initial
h-gain parameter. In other words the terms in our new
potential can be written

U0 =
3

4
tanh2 �� C0 U1 ,

U1 = k0 tanh2 �� k sech2c(�� v) , (27)

with the potential at t = 0 being the single Pöschl-Teller
well, shown as the solid blue line. When C(t) ! 1, the
first term in U1 then raises the sides of the well by (1 �
C0)k0, while the second term introduces a new well at
� = v of width ⇠ 1/c and depth (1�C0)k. We will take
c = 3 and k0 = 1/2. We then consider k = k0 or k = 2.
For this study we will also choose sq = 0.65 which gives

Figure 10: Minimally disturbing the initial state in order to
test if the tunnelling exhibits quantum or thermal behaviour.
The initial potential is a single well, and additional terms
raise a barrier between it and a new well that is introduced
with either a minimum at either exactly the same height as
the original potential, or deeper than the original one.

more rapid tunnelling, allowing us choose values of v that
are in the flat region of the potential.

There are several reasons that this constitutes a clean
separation of quantum and thermal behaviour. First it
is notable from the study above that the bound state in
which the system begins has a rather high energy. As
such if we simply introduce a new minimum as we did
earlier then it is likely that some components of the wave-
function will be able to tunnel rapidly. The initial dip at v
that was present in our previous configuration would also
be able to capture states during the dissipation phase.
Neither of these two types of state could be very easily
distinguished from ones that had thermally tunnelled.

What do we expect the tunnelling behaviour to be
in the potential above? In the situation where k = k0

no new minimum is introduced that would be quantum
mechanically accessible to any component of the initial
bound state. Therefore in principle we should not find
any states in this minimum at all if the system is purely
quantum, although in practice this will depend on there
being no remaining continuous component in the spec-
trum at all. This is in contrast to the case where k = 2
shown as the dashed red line in Fig. 10, where the stan-
dard quantum tunnelling should take place. Moreover
according to (14) the observed tunnelling rate into this
minimum should again drop-off with increasing v, even if
we consider values of v in the region where barrier height
is constant.

Let us contrast this behaviour with what one would
expect for a thermally activated system. In this case
there would be little distinction between the k = 1/2
and k = 2 cases. Once thermal effects are large enough
to excite states over the barrier, roughly similar propor-
tions would be captured by the new minimum at � = v.
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Figure 6: The probability density of the SHO with N = 200
and with sq = 0.7 after time t = 75µs and with  = 0.06.
The ground-states are measured with an interval �� = 13.
The probability density approximates the red line, which cor-
responds to � ⌘ ~2/2m⌘2

0 = 0.33.

so we can reasonably conclude that for this choice of pa-
rameters 75 µs is long enough for the required dissipation.
Note that the ⌘0 parameter cancels in the /� ratio. Sec-
ondly, this curve leads to an approximate estimation of
� = 0.33. Choosing different physical couplings appears
to yield similar values of �, so not only do the wave-
functions have the correct shape but they also have the
correct functional dependence on . By contrast the re-
sult for the inferred value of � does depend on the interval
we choose for �. This is because different intervals with
the same choice of N = 200 imply different ⇠, and not
surprisingly this affects the mass density m in the field
theory.

We stress that absolutely no dynamics was introduced
by hand into the annealer, and therefore this constitutes
a genuine measurement of the ground state wavefunction
of a quantum mechanical system.

It is also instructive to consider the fact that the an-
nealer returns a wave-function with different � depending
on the value of sq. When we choose sq we imbue the effec-
tive field theory with a kinetic �̇2 term that has a certain
value of ~2/2m we do not know. The ground state has
to adjust to have the matching value of �. Clearly as
we let sq ! 1 the value of ~2/2m in our effective theory
must go to zero because quantum effects turn off there.
Accordingly the ground state wave-function becomes in-
creasingly narrow until in the classical limit it approaches
a �-function, which in a reverse anneal is where it begins.
In other words the “classical” �-function position eigen-
state is simply the ground state wave function when there
is no transverse field component.

Figure 7: The probability distribution with v = 2.5, sq = 0.7
after ttunnel = 50, 100, 150mus, where N is the number of
events.

B. Tunnelling

We now adjust the h-gain schedule, so that for a pe-
riod, ttunnel, the second minimum appears and the sys-
tem is allowed to tunnel into it. One can perform the
same exercise as for the SHO ground state. The result
(now displayed as a probability distribution such that the
sum of the bin-counts is normalised to unity) is shown in
Fig.8, for the system when it is left for 50, 100, 150µs in
the presence of the second minimum, with k = 1 in the
potential of Eq,(1), where we take v = 2.5. The pres-
ence of tunnelling is clearly evident. Further evidence
in support of this being genuine quantum tunnelling can
be found by studying the decay rates as a function of v.
This is shown in Fig.8 for several values of v where the
expected exponential suppression of the decay rate with
increasing v is apparent. This exponential behaviour can
be fit to the approximation in (14), as in Fig.9. For
the measured value of � the theoretical expectation is
log� = 3.0 ⇥ (1.66 � v). The best fit value (given by
the red line in Fig.9) is log� = 2.29 ⇥ (1.71 � v). Per-
haps unsurprisingly, the overall parameter � remains one
of the most difficult aspects to determine precisely given
the limitations of the annealer for this study. Neverthe-
less the observed behaviour provides good support for the
presence of quantum tunnelling.

C. Quantum versus Thermal

It is important to definitively exclude the possibility
that what is being observed is thermal rather than quan-
tum tunnelling. More precisely we wish to establish that
the states are really tunnelling through the barrier rather
than being thermally excited over the top, noting for ex-
ample that an explanation for the drop-off with v ob-
served in the tunnelling rate above, could simply be due
to the height of the barrier (and hence the activation
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Also dynamics has characteristic behaviour. For example it still 
“tunnels” to the bottom of a potential even if there is no 
barrier: i.e. the wave function leaks across, rather than rolling 
as a lump —
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Numerically solving S.E. we find (this takes an hour!) 
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�2

�1

�2U(�1,�2)

Also dynamics has characteristic behaviour. For example it still 
transits to the bottom of a potential even if there is no barrier  
i.e. the wave function leaks across, rather than rolling as a lump


2D example potential
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Also dynamics has characteristic behaviour. For example it still 
transits to the bottom of a potential even if there is no barrier  
i.e. the wave function leaks across, rather than rolling as a lump
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Optimisation comparison quantum vs classical

gradient descent Nelder-Mead Thermal Annealing Quantum Annealing

Multi-well potential

Applied to several examples in [Abel, Blance, MS ’21], let’s show one here:

enocded on D-Wave 
quantum annealer
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Results for Multi-well potential

Quantum 
annealer almost 

never gets 
stuck in wrong 

minimum

QA is depth 
savvy, i.e. works 

qualitatively 
different 

• Quantum algorithms finds global 
minimum of potential reliably 
and fast!

Clear advantage on current device

[Abel, Blance, 
MS ’21]
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[Abel, Criado, MS ’23]

• Gradient-free optimisation -> particularly important for discrete/binary NN

H = (1 − t) p2

2m2 + t V(x)

mea
sur

e 

|ψ
(x)

|2

Loss = 1
N

N

∑
i

|ϕ(x, i) − κi |
2

This	tunnelling	ability	can	be	used	to	opEmise	loss	funcEons	in	Neural	Nets	

The	problem	-	train	a	NN	to	find	the	weights	and	biases	on	quantum	annealer:		

NN	produces	outputs	Y	by	passing	inputs	x	through	layers	with	acRvaRon	funcRons	g	as	follows:

NN output with 
trainable weights x

extract optimal 
weights x

Completely Quantum Neural Networks
[Abel, Criado, MS ’22]

• Encode network, i.e. entire loss function, as Hamiltonian

• No hybrid training, but quantum tunnelling / AQC to train network

• Train fast and optimally on QC -> read off parameters for deployment classically
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background

signal

NN 
predicted 
decision 
boundary  examplett̄
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Completely Quantum Neural Networks

Reliable and very 
fast ground-state 

finder of loss 
function

Optimal network training
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Application to differential equations and variational methods 

Build the full function, here a DE into the loss function, incl boundary conditions

identify trial solution with network output

Define your mathematical task as an optimisation problem

[Piscopo, MS, Waite ’19]
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QADE: Solving differential equations with a quantum annealer

Quantum algorithm (QADE)Classical Neural Network approach (Elvet)
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[Criado, MS ’22]
[Araz, Criado, MS ’21][Piscopo, MS, Waite ’19] gitlab.com/jccriado/qade

https://gitlab.com/elvet/elvet

Example Laguerre 
differential equation

Define Loss as:
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QFitter
[Criado, Kogler, MS ’22]Example Higgs EFT fit:

• Fast and reliable state-of-the-art 
Higgs, ELW, … fits

• Convergence no problem for non-
convex                    functions
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FIG. 4. ��2 = �2 � �2
min as a function of cHW , displaying

a local minimum close to cHW = 0 and a global one near
cHW = �0.05.

parameter that decreases along the run, known as
the temperature. The algorithm explores the vicin-
ity of local minima while changing T depending on
the number of failures to find a better minimum in
the previous steps. This may allow the algorithm
to escape local minima in some cases. We chose the
initial value of T to be 106 with a minimum value
of 10�6, an adaptive speed of 1 and a step size of
0.01. The maximum number of steps is chosen to
be 105.

• Finally, we also consider the same algorithm as for
the quantum annealing approach, with the QUBO
formulation and a zooming process, replacing the
quantum annealing runs with simulated annealing.
In this case, the parameter points to be updated
by the algorithm are the sets of 0 or 1 values of the
binary variables. The random nearby point is ob-
tained by flipping a random variable. The number
of steps is usually measured here in terms of sweeps,
which correspond to as many updating steps as bi-
nary variables are present in the problem.

We refer to the methods not using the QUBO formula-
tion as standard-formulation methods. We show a com-
parison of the best-fit values of the coe�cients and �2

obtained from all the methods in Table I. The classical
methods are initialized to a point with cW = cg = c� = 0.

Inspecting the �2 values given in the Table I, one can
see that classical algorithms that start at the point ci = 0
typically get trapped in the local minimum nearby. This
problem is not present in the quantum annealing ap-
proach. The minimum with �2 = 135 obtained by Mi-
nuit for initial point cHW = �0.05 corresponds to the
one from the quantum annealer. The small di↵erences in
the minimum value of �2 and the best-fit parameters are
because we have neglected some quadratic contributions
in the formulation of the QUBO problem, which has no
consequences on the general shape of the �2 function,
with a global minimum around cHW = �0.05 and a local

one close to cHW = 0.
The QUBO-formulation simulated annealing results

depend strongly on the schedule for the temperature.
For large starting temperatures, there is no dependence
on the starting point. The results also vary consider-
ably for fixed annealing parameters from run to run. We
find the most consistent results with a schedule that ex-
ponentially increases the inverse-temperature parameter
� from 1 ⇥ 10�5 to 10 in 1 ⇥ 106 steps, performing one
sweep per step. The results fall into three classes: (A)
those on the “wrong” side of the barrier, with �2

' 4000;
(B) those on the correct side, with �2 < 1000; and (C)
those for which the zooming gets stuck at �2 > 107. We
perform 40 runs and find that 13% of the runs belong to
class A, 82% to class B, and 5% to class C. The results in
class (B) also present a considerable variation. We show
an arbitrary example in Table I.
In Table I, we also provide the total time spent per-

forming the optimization for each method. Again, we
run Minuit, the standard-formulation simulated anneal-
ing and the QUBO simulated annealing in an Apple M1
processor. Since quantum annealing is performed on a
dedicated device, the numbers cannot be compared di-
rectly. However, we note that quantum annealing re-
quires orders of magnitude less time to perform this task.

IV. CONCLUSIONS

We have presented QFitter, a quantum annealing-
based method for fitting EFT coe�cients to experimental
measurements. The �2 is encoded as a QUBO problem
which can be directly embedded in the currently-available
quantum annealers. The required number of qubits de-
pends on the number of coe�cients to be fitted, the non-
linear terms in their contributions to observables (which
require auxiliary qubits), and the precision to which they
are to be determined. The number of observables in-
cluded does not a↵ect this.
Since physical annealers only provide a limited amount

of qubits, the practical implementation of QFitter can
only be done for a limited number of coe�cients, pre-
cision and non-linearities. We have used a zooming al-
gorithm, in which the precision is increased iteratively
through several annealing runs, to overcome this limi-
tation partially. With this setup, we have found that
fitting problems involving at least eight coe�cients and
their quadratic dependencies can be embedded in current
quantum annealing devices.
Finally, we have tested the performance of QFitter

with three examples. The first two, the EWPO and the
Higgs fit, involve a convex �2 function. The quantum
approach gives comparable results to the classical ones
here. We have then modified the �2 for the Higgs fit to
make it non-convex. By comparing with several classical
algorithms, we have found that the quantum one is the
one that ends in the global minimum most consistently
with a considerable gain in processing time.

2

II. METHOD

A. Quantum annealing

Quantum annealing is a method for finding the ground
state of a given Hamiltonian H1. The Hamiltonian of a
quantum annealing device takes the form

H = A(s)H0 +B(s)H1, (1)

where s is a free parameter that can be controlled exter-
nally; A(s) and B(s) are continuous functions such that
A(0) > 0 = B(0) and A(1) = 0 < B(1); and H0 is a
Hamiltonian whose ground state is known in advance.

The solution to the problem is obtained by preparing
the system in the ground state of H0 and changing s
continuously from s = 0 at an initial time ti to s = 1 at
a final time tf . The function s(t) described by the time
evolution of s is known as the schedule. The adiabatic
theorem ensures that, if the change in s is su�ciently
slow, the system is likely to end in the ground state of
the target Hamiltonian H1.

A concrete realization of this method is transverse-
field quantum annealing, which has been implemented
in real-world devices. In this realization, the system can
be viewed e↵ectively as a collection of qubits (that is,
quantum systems with two independent states), with the
Hamiltonians H0 and H1 given by

H0 =
X

i

�̂i

x
, H1 =

X

i

hi�̂
i

z
+
X

ij

Jij �̂
i

z
⌦ �̂i

z
. (2)

where hi and Jij are adjustable parameters, and �̂i

x,z

are the x, z Pauli matrices acting on the ith qubit. To
perform a computation using transverse-field quantum
annealing, one needs to encode its result as the ground
state of the Ising Hamiltonian H1.

The D-Wave devices provide a physical implementa-
tion of this setup, in which not all Jij couplings can
be set to a non-vanishing value. In the state-of-the-
art Advantage system architecture, there are more than
5000 available qubits, but each one is coupled only to 15
others. To find the ground state of Ising models with a
higher degree of connectivity, several qubits are chained
together with large coupling to act as a single qubit with
more connections. The mapping between the abstract
Ising model Hamiltonian to be minimized and the one
implemented in the physical device is known as an em-

bedding.

Once an embedding has been found, and the schedule
s(t) and hi, Jij parameters are set, the annealer is typ-
ically run several times to reduce the e↵ects of external
noise. Then, the final state with the least energy ob-
tained from the di↵erent runs is selected. The number of
runs is referred to in the context as the number of reads.

B. QUBO formulation

The eigenstates of the quantum Ising Hamiltonian H1

correspond to the states of its classical analogue, whose
Hamiltonian is

Hclassical =
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with the �i being classical variables taking the values
�i = ±1. Thus, the problem solved by the transverse-
field quantum annealers can be viewed equivalently as
finding the set of values for the �i such that Hclassical is
minimized:
This problem can be solved both using quantum an-

nealing and classical algorithms, such as simulated an-
nealing. Quantum annealing has been shown to be more
consistent in finding the ground state of some non-convex
functions [14]. In Section III, we will compare the perfor-
mance of quantum annealing to several classical methods
for EFT fits.
A useful reformulation of the classical Ising Hamilto-

nian minimization problem is obtained by making use of
the binary variables ⌧i = (�i + 1)/2, whose possible val-
ues are 0 or 1. In terms of them, the problem can be ex-
pressed as the minimization of a homogeneous quadratic
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This is known as a Quadratic Unconstrained Binary Op-
timization (QUBO) problem. We will refer to the func-
tion L = ⌧iQij⌧j to be minimized in such a problem as
the loss function.

C. Log-likelihood as a QUBO

We now tackle the task of finding a QUBO formula-
tion for fits of EFT Wilson coe�cients to observables.
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where C�1 is the inverse covariance matrix. The
maximum-likelihood estimator for the coe�cients can be
obtained by minimizing �2.

In any EFT, the theoretical predictions O(th)
a (c) are

computed as a series in inverse powers of the cuto↵ scale
⇤, which is cut at a fixed power, depending on the tar-
get precision of the calculation. Each Wilson coe�cient

is associated with an inverse power of ⇤. The O(th)
a (c)
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Summary

• For quantum advantage in real-world applications need development 
of technical realisation of quantum computers  
(size, fault tolerance, type of operations,…)

• Nature is inherently quantum mechanical,  
thus quantum simulation should be advantageous

• Quantum Computing is exciting research area that rapidly expands, 
supported through private and public sector. Many methods to be invented.
➡ Can exploit QM prop: entanglement, superposition principle and tunnelling

➡ Analogue quantum devices provide an environment 
that evolves quantum mechanically. The task is to 
encode problems into such an environment.
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