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Generative diffusion models

* Diffusion models: Generative Al for images, movies, and texts
« Text-to-image generation, inpainting, hyper-resolution,
« We reformulate diffusion models via the path-integral method
« Understanding ML models via physics methods
[Hirono-Tanaka-Fukushima, ICML’24]
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https://proceedings.mlr.press/v235/hirono24a.html

Examples of generated images

“A family of lions in a cozy ramen shop” “A set of sushi that look like dogs”




Examples of generated movies

“There is a family of lions in a cozy ramen shop. They eat noodles with chopsticks”




Examples of generated movies

“A family of real majestic lions in a cozy ramen shop. They use chopsticks to eat noodles. ”




Understanding diffusion models via path integral

« How diffusion models work

« Path-integral formulation of diffusion models

« “Classical limit” and beyond



How diffusion models work



Diffusion

https://www.youtube.com/watch?v=_0Owb7Nbhhkg



Brownianh motion
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« EOM of an ink molecule in a fluid

X pqr = X+ dwl‘

Langevin equation



Brownian motion and discovery of atoms
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Brownian motion and discovery of atoms

ime: 0.00 s

T T T T T
-4 -2 0 2 4

Estimation of the Avogadro constant N,

) RT
<(Xt — X()) > = 2Dt  Diffusion constant ) = —— y = 671'51;7
| Npvy
Mean squared displacement
R : Gas constant n . Viscosity

T : Temperature a ° Radius



Stochastic Differential Equations

 We consider the stochastic differential equation (SDE) of the form

dXt — f(Xta Hdr + g(t)dwt where w, is a Wiener process

« This process is equivalent to the following Fokker-Planck equation

2
0, p(X)=—V - [f(x, Hp(X) — 871 \% p,(x)]
t=0 %' g pr:O(X)
r=1 \) pz:tl(x)

t=T

Pi=7(X) 12



Diffusion models via SDES isong et i, icmi21)

« We’d like to sample from pg4,.,

Y,

~ N\/L * Ddata IS Unknown
Training data  Even if we know pg,.,, sampling

via Markov Chain Monte-Carlo
Pdata(X) (MCMQ) is inefficient
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Diffusion models via SDEs [Song et. al., ICML’21]

Forward: adding noise

&)~ —

Training data

r=0 t=T

\pt /

Backward: denoising for sampling

Paata(X) = Po(X) Pr = Pprior

* For the forward process, one can employ, for example,

0

0P =V |fx0p0 -2 Vpm|  with  fx.0)=—px, g() =+/B

The stationary distribution is p(X) = A#(x]0,1)
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Diffusion models via SDEs [Song et. al., ICML’21]

* The forward process is governed by

g*(1) g*(1)

atpt(x) =—-V. f(X, t)pt(X) — th(X)] = Vzpt(x) + ...

« Since py,, IS unknown, this process is performed for samples by
dx, = f(x,, r)dr + g(r)dw,
 What is the SDE corresponding to the time-reversed FP equation?

2 2 2
g 1) Vp(x) - = 2( & V(%) +2 2@

0,p(x) = = V - |[f(x, Dp,x) -

Vp,<x>]

B 2
=V |(fx,0) — g(t)*Viog p,(x)) p(x) += 2@ Vp;(x)]

s 2

dx, = [f(x,, 1) — g(1)* Vlog p,(x,) 1dr + g(1)dW,

SDE for the backward process 15



Diffusion models via SDEs [Song et. al., ICML’21]

Forward: noising  dx, = f(x,, r)dr + g(r)dw,

Y

Training data

t=0 t=T

\pt /

Paata(X) = Po(X) Pr = Pprior

Score function

Backward: sampling dx, = [f(t, x,) — g(t)* Vlog p,(x,) ] dt + g(¢)dw,
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Training objective
« Sy(X, 1) is learned to minimize the following loss function

T 2
2(0) = J g(1)
0

v | || 80000 = Viog px) || 7] a

- This loss function gives the upper bound of Dy (py || o)

Dy (po |l 99) < Dxr(pr |l g7) + Z£(6)



Path-integral formulation
of diffusion models



Path integral in quantum mechanics

« Path integral: a formulation of quantum mechanics / QFTs
[Feynman, Rev. Mod. Phys. 20 (1948)]

- Expectation value of an observable O({X,}) is represented as

<@(Xt)> — N Z eiﬂ[{xt}]/h@(xt)
paths

H{X,}1e10.m7]: “Action”

» Classical mechanics: a path with least action 6&/[{x,}] =0



Path integral formulation of diffusion models

- The expectation value of O({X,}) where X, obeys the SDE
dx, = f(x,, r)dr + g(r)dw,

can be represented in the path-integral form as

E[0({x})] = [[DXI] O({x,})py(xp)e ™

=: P({X,},cjo.7p) Path probability

T
“Action” ﬂ::[ S | %, - f(x,, 1) H ds

Known as Onsager-Machlup function

[Onsager-Machlup, Phys. Rev., 1953]
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Backward process in path integral

+ Backward SDE:  dx, = f(x, H)dr + g(H)dw,

where  f(x,1) := f(x, ) — g(¢)> Vlog p,(x)

« Backward SDE can be derived naturally in path integral:
The path probability can be written as

P((X,} cior) = Po(Xo) e = e~ py(xy)

~

T
] - 2
Action for backward process of = J ” x, — f(x,, 1) ” dr
0 2g(1)?




“Classical limit” and beyond



Sampling processes of diffusion models

+ Stochastic:  dx, = [f(x, 1) — g(1)*sy(x, 1)| dt + g(1)dW,
 Deterministic: [Song et. al., ICML’21]

1
dx, = |f(x, t)—Eg(t)zse(X, 1| dt

« These sampling methods are equivalent if the learned score is
perfect, Sy(X,7) = Vlog p,(X).



Sampling processes of diffusion models

azpz(x) - =

——V.

L s

<f(x, 1) — Lt

1
dx, = [f(xt, 1) —

D @2 Viog px)

* Introducing a parameter f), FP equation can be written as

2 2 2
g 2(t) V) _hgz(t) Vpx) +hg2(t) V) ]

2
) (2 Viog p,<x>) pix) +28° 0 I’gz( ) V%) ]

dr ++/hg(ndw,

=1 Stochastic sampling

) =0 Deterministic sampling (PF-ODE)
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Sampling processes of diffusion models

- Stochastic: dx, = [f(xt, 1) — g(t)zsg(xt, t)] dr + g(¢)dw,

 Deterministic: [Song et. al., ICML’21]

dx, = [f(xt, 1) — %g(t)zse(xt, t)] ds

* Pro: one-to-one correspondence:

« Faster sampling

« The log-likelihood of an image X, can be evaluated by
T

|
log py(x) = log pr(xr) + J V- [f(Xp 1) — 58 (O°S9(X,, f)] dz

0
using the solution {X,},co 7 of PF ODE

* Con: worse sample quality

When the score is imperfect, the two sampling processes are inequivalent
25



“Classical limit” and beyond

« Stochastic & deterministic samplings are continuously interpolated:

dx, = F@’f)(xt, Hdr + \/Eg(t)dﬁ't h =1 Stochastic

Fg,f)(x, 1) :=f(x,1) — L+ f)g(t)Zse(X, ) =0 Deterministic

« Path probability of a model is

~

_1 ]
Qb({xt}te[O,T])ze I’ﬂe’hQ'T(XT) +—> elfﬂ

in QM

- 2
%, — Fp(x, 1) H dt

3 O |
A e 1= J ‘
% 0 2g(1)?

- Parameter }) is the counterpart of Planck’s constant 7



“Classical limit” and beyond

- Deterministic sampling appears as the “classical limit” f — 0

Ll N T N 5
Op(1X;}rero,r) =€ 07 " qr(Xy) Aoy = L e | % - Fogexn || "a
- . = - 1
T o (% - B D ) arG) Bn = R - 2P
t€[0,T]

- Likelihood computation for §j) # 0 via WKB expansion

« To the first order in b,
T

log g (xo) = log q)~"(x) + b léxT - Vlog ¢)~(x7) + [

V- st (x,, 5, t)dt]
0

where {X,, 0X,} are the solution of the following ODE with X,_, = X, 6X,_; =0

{ XZ‘ = leDF(Xt’ t) g(t)2

, . St (x,, 0x,, 1) := (6%, - V)IPT(x,, 1) — [sy(x,, 1) — Vlog ¢"=0(x))]
5%, = SEEF (x,, 5%, 1) t 2 t




Noise improves sample quality

SWISS-ROLL
SDE (NLL) tol 1ST-CORR ERRORS
SIMPLE le-3 | -0.314+0.21 0.134+0.00
(1.394 0.05) le-5 | -0.4440.38 0.1340.00
COSINE le-3 | -1.5940.57 0.354+0.00
(1.4240.02) le-5 | -3.274+1.11 0.374+0.02
25-GAUSSIAN
SDE (NLL) tol 1ST-CORR ERRORS
SIMPLE le-3 |-3.641+0.49 0.314+0.00
(-1.22+0.01) le-5 |-3.611+0.64 0.3240.01
COSINE le-3 |-17.574+5.56 0.704+0.01
(-1.71£ 0.02) le-5 |-19.65+17.46| 0.67+0.03

O(h') correction to Negative Log Likelihood (NLL) E [—log ‘]0]

« Negative correction — noise improves sample quality



Path integral formulation of diffusion models

Useful for physicists in understanding various aspects of
diffusion models: backward process, training objective

Deterministic sampling by PF ODE appears as “classical limit”

~

—+-of 1
Qﬁ({xt}te[O,T]) = ¢ b0 qT(XT) <4+ elhﬂ in QM

Likelihood evaluation via WKB expansion

Physics methods for analyzing generative Al models



Quantum X Al in the next 100 years?

* Discrete diffusion models are used to build Large Language
models

 Mercury Coder (Feb. 2025 -)
Gemini Diffusion (May. 2025 -)

* Based on “classical” stochastic dynamics

« A possible new mechanism of LLMs based on quantum
dynamics?
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