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Figure 1: Schematic of the structure of a pp ! tt event, as modelled by PYTHIA. To
keep the layout relatively clean, a few minor simplifications have been made: 1) shower
branchings and final-state hadrons are slightly less numerous than in real PYTHIA events,
2) recoil effects are not depicted accurately, 3) weak decays of light-flavour hadrons are
not included (thus, e.g. a K0

S meson would be depicted as stable in this figure), and 4)
incoming momenta are depicted as crossed (p! �p). The latter means that the beam
remnants and the pre- and post-branching incoming lines for ISR branchings should be
interpreted with “reversed” momentum, directed outwards towards the periphery of the
figure; this avoids beam remnants and outgoing ISR emissions having to criss-cross the
central part of the diagram.
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Figure taken from Bierlich et al., 2022 (Pythia8.3 manual)
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Parton density 
functions
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section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

1. Parton distribution functions 

• Universal/process independent 

• Extracted from experiment 

• Evolution from theory 

• Can be extract in one process, 
and applied to others 

2. Parton-level cross section 

• Short distance coefficients as an 
expansion in αS 

• From theory 
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NLO 
corrections

NNLO 
corrections

NNNLO 
corrections

⇤̂ = ⇤Born

⇤
1 +

�s

2⇥
⇤(1) +

��s

2⇥

⇥2
⇤(2) +

��s

2⇥

⇥3
⇤(3) + . . .

⌅

LO 
predictions



.JOJNJIÚKE����NN

LOGOTYPFÄRGER
Lunds universitets logotyp får bara förekomma i följande 
färgvarianter: brons/blå, svart eller vit (negativ). Färgvariant 
brons/blå är den rekommenderade och ska användas överallt 
där det är möjligt. 
 
LOGOTYPSTORLEK
Lunds universitets logotyp får inte göras för liten. Detta för 
att säkerställa läsbarhet och tydlighet. Logotypen (oavsett 
version) får därför inte göras mindre än att sigillet i logotypen 
har en höjd på minst 10 mm (se illustration ovan). 

3FLPNNFOEFSBE�GÊSHWBSJBOU

4WBSU 7JU�OFHBUJW

.JOJNJIÚKE����NN

LUNDS UNIVERSITET | GRAFISK MANUAL | BASREGLER | LOGOTYPFÄRGER OCH LOGOTYPSTORLEK  10

.JOJNJIÚKE����NN

.JOJNJIÚKE����NN

Perturbative expansion

• The parton-level cross section can be computed as a series in 
perturbation theory, using the coupling constant as an expansion 
parameter, schematically:

10

Parton-level cross section⇥̂ab�X(ŝ, µF , µR)
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Higher-order computations

• Why? 

• They improve the accuracy of our predictions

11
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Discoveries at hadron colliders
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Discoveries at hadron colliders

EASY
Background directly measured 

from data. 
Theory needed only for
parameter extraction

Peak
H ⇾ 𝛾𝛾

Shape
Z H ⇾ l+l- + inv.

Background SHAPE needed. 
Flexible MC for both signal and 
background validated and tuned 

to data

HARD

Rate
H ⇾ W+ W-

Relies on prediction for both 
shape and normalization. 
Complicated interplay of best 

simulations and data

VERY HARD
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New Physics?
• No NP has been discovered yet 

• Either there is no NP, or it is 
hiding very well 

• If it is there, it will be a ‘Hard’ 
or ‘very Hard’ discovery 

• Need for accurate predictions 
for signal and background

13
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Standard Model measurements

• The measurement of the Higgs 
couplings is an emblematic 
example of the need for 
precision 
• Large perturbative 

corrections for the dominant 
channel (gluon fusion) 

• Without higher-order 
corrections, measured signal 
strength ~ 3 ⨉ SM 

• Very competitive 
experimental measurements!

14Marco Zaro, ICS 2024

Cross-section measurements

• The discovery of the Higgs boson is an 
emblematic example of the need for precision

• Large perturbative corrections for the 
dominant channel (gluon fusion)

• Without higher-order corrections, measured 
signal strength ~3 * SM

• Very competitive experimental measurements!
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Perturbative expansion

• The parton-level cross section can be computed as a series in 
perturbation theory, using the coupling constant as an expansion 
parameter, schematically: 
 
 
 
 
 
 
 
 

• Including higher corrections improves predictions and reduces 
theoretical uncertainties
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Renormalisation scale

• Introduced in perturbation theory and "is an unphysical 
parameter" 

• Consequences: 
• The coupling constant depends on this parameter 
• Beyond LO, the matrix elements depend on this parameter 
• Only if on includes all orders in perturbation theory, this 

parameter drops out 
• Which value should you give it?

16
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Running of the strong coupling

• The value of the strong coupling 
depends (logarithmically) on the 
renormalisation scale 

• The larger the scale, the smaller the 
coupling 

• Naively: choose large renormalisation 
scales, and perturbation theory will 
work well…?

17

32 9. Quantum Chromodynamics

9.4.4 Hadronic final states of e+e≠ annihilations:
Re-analyses of jets and event shapes in e+e≠ annihilation (j&s), measured around the Z peak
and at LEP2 center-of-mass energies up to 209 GeV, using NNLO predictions matched to NLL
resummation and Monte Carlo models to correct for hadronization e�ects, resulted in –s(M2

Z
) =

0.1224 ± 0.0039 (ALEPH) [571], and in –s(M2
Z

) = 0.1189 ± 0.0043 (OPAL) [572]. Similarly, an
analysis of JADE data [573] at center-of-mass energies between 14 and 46 GeV gives –s(M2

Z
) =

0.1172 ± 0.0051, with contributions from the hadronization model and from perturbative QCD
uncertainties of 0.0035 and 0.0030, respectively. Precise determinations of –s from 3-jet produc-
tion alone (3j), at NNLO, resulted in –s(M2

Z
) = 0.1175 ± 0.0025 [574] from ALEPH data and in

–s(M2
Z

) = 0.1199 ± 0.0059 [575] from JADE. A recent determination is based on an NNLO+NNLL
accurate calculation that allows to fit the region of lower 3-jet rate (2j) using data collected at LEP
and PETRA at di�erent energies. This fit gives –s(M2

Z
) = 0.1188 ± 0.0013 [576], where the domi-

nant uncertainty is the hadronization uncertainty, which is estimated from Monte Carlo simulations.
A fit of energy-energy-correlation (EEC) also based on an NNLO+NNLL calculation together with

αs(MZ2) = 0.1179 ± 0.0009

August 2021
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Heavy Quarkonia (NNLO)
e+e- jets/shapes (NNLO+res)

pp/p-p (jets NLO)
EW precision fit (N3LO)

pp (top, NNLO)

0.05

0.1

0.15

0.2

0.25

0.3

0.35

1 10 100 1000

Figure 9.3: Summary of measurements of –s as a function of the energy scale Q. The respective
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Running of the strong coupling

• The value of the strong coupling 
depends (logarithmically) on the 
renormalisation scale 

• The larger the scale, the smaller the 
coupling 

• Naively: choose large renormalisation 
scales, and perturbation theory will 
work well…?

17

32 9. Quantum Chromodynamics

9.4.4 Hadronic final states of e+e≠ annihilations:
Re-analyses of jets and event shapes in e+e≠ annihilation (j&s), measured around the Z peak
and at LEP2 center-of-mass energies up to 209 GeV, using NNLO predictions matched to NLL
resummation and Monte Carlo models to correct for hadronization e�ects, resulted in –s(M2

Z
) =

0.1224 ± 0.0039 (ALEPH) [571], and in –s(M2
Z

) = 0.1189 ± 0.0043 (OPAL) [572]. Similarly, an
analysis of JADE data [573] at center-of-mass energies between 14 and 46 GeV gives –s(M2

Z
) =

0.1172 ± 0.0051, with contributions from the hadronization model and from perturbative QCD
uncertainties of 0.0035 and 0.0030, respectively. Precise determinations of –s from 3-jet produc-
tion alone (3j), at NNLO, resulted in –s(M2

Z
) = 0.1175 ± 0.0025 [574] from ALEPH data and in

–s(M2
Z

) = 0.1199 ± 0.0059 [575] from JADE. A recent determination is based on an NNLO+NNLL
accurate calculation that allows to fit the region of lower 3-jet rate (2j) using data collected at LEP
and PETRA at di�erent energies. This fit gives –s(M2

Z
) = 0.1188 ± 0.0013 [576], where the domi-

nant uncertainty is the hadronization uncertainty, which is estimated from Monte Carlo simulations.
A fit of energy-energy-correlation (EEC) also based on an NNLO+NNLL calculation together with

αs(MZ2) = 0.1179 ± 0.0009
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Renormalisation scale II
• Which value should you give it? 

• For the theory to converge, both  and  should be small, and both 
depend on the renormalisation scale 

• Just like , also  depends logarithmically on the renormalisation scale: 
it contains (powers of) , with  any (relevant) invariant, such 

as particle masses, 2-body invariant masses, , etc. 

• For the best convergence, the renormalisation scale should be chosen such 
that it matches the typical  relevant to the process and or observable

αs σ(k)

αs σ(k)

log(μ2
R /Q2) Q2

̂s

Q2
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What about the factorisation scale?

19

Parton-level cross section⇥̂ab�X(ŝ, µF , µR)
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What about the factorisation scale?
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What about the factorisation scale?

• Has a clearer physical interpretation: 
• Separation scale between physics included in parton density 

functions and hard matrix elements 
• Just like renormalisation scale, should take a numerical value 

close to the relevant scale to the process 
• Including higher-orders reduces the dependence on the 

factorisation scale

19

Parton-level cross section⇥̂ab�X(ŝ, µF , µR)

Phase-space 
integral

Parton density 
functions

Parton-level 
cross section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)
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Inclusiveness

• All additional radiation, softer 
than the factorisation scale, is 
included in the computed cross 
section through the evolution of 
the parton density functions 
• Only exact in the collinear 

limit 
• At NkLO accuracy, up to k of 

these emissions are included 
exactly also outside the collinear 
limit 
• This reduces the dependence 

on the factorisation scale

20
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Perturbation theory at work

• The inclusion of higher orders 
improves the reliability of a given 
computation 
• More reliable description of 

total rates and shapes 
• Residual uncertainties related 

to the arbitrary scales in the 
process decrease 

• The computational complexity 
grows exponentially 

• NLO is mandatory for LHC 
physics!

21
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Perturbation theory at work

• The inclusion of higher orders improves the reliability 
of a given computation
• More reliable description of total  

rates and shapes
• Residual uncertainties related to  

the arbitrary scales in the process  
decrease

• The computational complexity  
grows exponentially

• NLO is mandatory for LHC  
physics!
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FIG. 3: The gluon fusion cross-section at all perturbative or-
ders through N3LO in the scale interval [mH

4 ,mH ] as a func-

tion of the center-of-mass energy
p
S.

top-quark is infinitely heavy and can be integrated out,
see eq. (2). Moreover, we assumed that all other quarks
have a zero Yukawa coupling. Finite quark mass e↵ects
are important, but it is su�cient that they are inlcuded
through NLO or NNLO. Indeed, finite quark-mass e↵ects
have been computed fully through NLO in QCD [30],
while subleading top-quark mass corrections have been
computed at NNLO systematically as an expansion in
the inverse top-quark mass [34]. In these references it
was observed that through NLO finite quark mass ef-
fects amount to about 8% of the K-factor. At NNLO,
the known 1

mtop
corrections a↵ect the cross-section at

the ⇠ 1% level. A potentially significant contribution
at NNLO which has not yet been computed in the lit-
erature originates from diagrams with both a top and
bottom quark Yukawa coupling. Assuming a similar per-
turbative pattern as for top-quark only diagrams in the
e↵ective theory, eq. (2), higher-order e↵ects could be of
the order of 2%. We thus conclude that the computation
of the top-bottom interference through NNLO is highly
desired in the near future.

Finally, the computation of the hadronic cross-section
relies crucially on the knowledge of the strong coupling
constant and the parton densities. After our calculation,
the uncertainty coming from these quantities has become
dominant. Further progress in the determination of par-
ton densities must be anticipated in the next few years
due to the inclusion of LHC data in the global fits and the
impressive advances in NNLO computations, improving
the theoretical accuracy of many standard candle pro-
cesses.

To conclude, we have presented in this Letter the
computation of the gluon-fusion Higgs production cross-
section through N3LO in perturbative QCD. While a
thorough study of the impact of electroweak and quark
mass e↵ects is left for future work, we expect that the re-
maining theoretical uncertainty on the inclusive Higgs
production cross-section is expected to be reduced to
roughly half, which will bring important benefits in the
study of the properties of the Higgs boson at the LHC
Run 2. Besides its direct phenomenological impact, we
believe that our result is also a major advance in our un-
derstanding of perturbative QCD, as it opens the door to
push the theoretical predictions for large classes of inclu-
sive processes to N3LO accuracy, like Drell-Yan produc-
tion, associated Higgs production and Higgs production
via bottom fusion. Moreover, on the more technical side,
our result constitutes the first independent validation of
the gluon splitting function at NNLO [14], because the
latter is required to cancel all the infrared poles in the
inclusive cross-section. In addition, we expect that the
techniques developed throughout this work are not re-
stricted to inclusive cross-sections, but it should be pos-
sible to extend them to certain classes of di↵erential dis-
tributions, like rapidity distributions for Drell-Yan and
Higgs production, thereby paving the way to a new era
of precision QCD.
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1. Parton distribution functions 

• Universal/process independent 

• Extracted from experiment 

• Evolution from theory 

• Can be extract in one process, 
and applied to others 

2. Parton-level cross section 

• Short distance coefficients as an 
expansion in αS 

• From theory 

Master equation for the hard  
interaction

22
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In practice: predictions at LO

How to calculate e.g. 3-jet production at the LHC? 

• Identify all subprocesses (gg→ggg, qg→qgg....) in:   

• For each one, calculate the amplitude 

• Square the amplitude, sum over spin & colour, and integrate over 
the phase-space

σ(pp → 3j) =
∑
ijk

∫
fi(x1)fj(x2)σ̂(ij → k1k2k3) easy

A({p}, {h}, {c}) =
∑

i

Di
difficult

σ̂ =
1

2ŝ

∫
dΦp

∑
h,c

|A|2 quite hard

23
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In practice: predictions at LO

How to calculate e.g. 3-jet production at the LHC? 

• Identify all subprocesses (gg→ggg, qg→qgg....) in:   

• For each one, calculate the amplitude 

• Square the amplitude, sum over spin & colour, and integrate over 
the phase-space

σ(pp → 3j) =
∑
ijk

∫
fi(x1)fj(x2)σ̂(ij → k1k2k3) easy

A({p}, {h}, {c}) =
∑

i

Di
difficult

σ̂ =
1

2ŝ

∫
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∑
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|A|2 quite hard
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Feynman Rules

• Based on Feynman Rules: 
universal building blocks to create 
Feynman diagrams 

• Feynman diagrams correspond to 
mathematical expressions 

• Tedious to do by hand, but no problem for a computer 

• Using helicity amplitudes with explicit representations for the 
spinors/polarisation vectors can reduce the complexity in the 
numerical evaluation of the expressions 

• Recycling identical sub-structures in multiple diagrams and/or 
using recursion relations, can further reduce the computation time
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In practice: predictions at LO

How to calculate e.g. 3-jet production at the LHC? 

• Identify all subprocesses (gg→ggg, qg→qgg....) in:   

• For each one, calculate the amplitude 

• Square the amplitude, sum over spin & colour, and integrate over 
the phase-space

σ(pp → 3j) =
∑
ijk

∫
fi(x1)fj(x2)σ̂(ij → k1k2k3) easy

A({p}, {h}, {c}) =
∑

i

Di
difficult

σ̂ =
1

2ŝ

∫
dΦp

∑
h,c

|A|2 quite hard

26
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Lunds universitets logotyp får bara förekomma i följande 
färgvarianter: brons/blå, svart eller vit (negativ). Färgvariant 
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• Calculations of cross section or decay widths involve 
integrations over the phase space of rather peaked, multi-
variate functions

<latexit sha1_base64="81n6Ql6p9L4VxIixukhOiL8yhmE=">AAACA3icbVDLSgNBEJyNrxhfq970shiEeDDsRolehKAePEYwD0iWMDuZJENmZpeZXjEsAS/+ihcPinj1J7z5N04eB00saCiquunuCiLONLjut5VaWFxaXkmvZtbWNza37O2dqg5jRWiFhDxU9QBrypmkFWDAaT1SFIuA01rQvxr5tXuqNAvlHQwi6gvclazDCAYjtey9JtAHUCK5ZmLYaJZ7LCeP/IsTeVxo2Vk3747hzBNvSrJoinLL/mq2QxILKoFwrHXDcyPwE6yAEU6HmWasaYRJH3dpw1CJBdV+Mv5h6Bwape10QmVKgjNWf08kWGg9EIHpFBh6etYbif95jRg6537CZBQDlWSyqBNzB0JnFIjTZooS4ANDMFHM3OqQHlaYgIktY0LwZl+eJ9VC3ivmi7en2dLlNI402kcHKIc8dIZK6AaVUQUR9Iie0St6s56sF+vd+pi0pqzpzC76A+vzB9Sflv0=</latexit>

Dim[�(n)] = 3n� 2

σ =
1

2s

∫
|M|2dΦ(n)

27

Phase-space integral
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• Calculations of cross section or decay widths involve 
integrations over the phase space of rather peaked, multi-
variate functions

<latexit sha1_base64="81n6Ql6p9L4VxIixukhOiL8yhmE=">AAACA3icbVDLSgNBEJyNrxhfq970shiEeDDsRolehKAePEYwD0iWMDuZJENmZpeZXjEsAS/+ihcPinj1J7z5N04eB00saCiquunuCiLONLjut5VaWFxaXkmvZtbWNza37O2dqg5jRWiFhDxU9QBrypmkFWDAaT1SFIuA01rQvxr5tXuqNAvlHQwi6gvclazDCAYjtey9JtAHUCK5ZmLYaJZ7LCeP/IsTeVxo2Vk3747hzBNvSrJoinLL/mq2QxILKoFwrHXDcyPwE6yAEU6HmWasaYRJH3dpw1CJBdV+Mv5h6Bwape10QmVKgjNWf08kWGg9EIHpFBh6etYbif95jRg6537CZBQDlWSyqBNzB0JnFIjTZooS4ANDMFHM3OqQHlaYgIktY0LwZl+eJ9VC3ivmi7en2dLlNI402kcHKIc8dIZK6AaVUQUR9Iie0St6s56sF+vd+pi0pqzpzC76A+vzB9Sflv0=</latexit>

Dim[�(n)] = 3n� 2

σ =
1

2s

∫
|M|2dΦ(n)

General and flexible method is needed:
Numerical (Monte Carlo) integration

27

Phase-space integral
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.JOJNJIÚKE����NNMonte-Carlo integration: 
Integrals as averages

• Integral as a sum: 

• Convergence is slow but it can be estimated easily 
• Scaling of the error does not depend on # of dimensions! 

• Improvement by minimising  

• Optimal/Ideal case:  ⇒  

VN
f(x) = constant VN = 0

28

I = IN ±
√

VN/N

<latexit sha1_base64="GFu0nPaqXfq9+XEQPFICMpFlQko=">AAACA3icbVDLSgNBEJyNrxhfUW96GQxCBAm7ItGLEPSitwjmAdkYZiezyZDZ2WWmVxKWgBd/xYsHRbz6E978GyePgyYWNBRV3XR3eZHgGmz720otLC4tr6RXM2vrG5tb2e2dqg5jRVmFhiJUdY9oJrhkFeAgWD1SjASeYDWvdzXyaw9MaR7KOxhErBmQjuQ+pwSM1Mru3Vy4XEKL3Ht+vn/kHmMXWB+S9rDfyubsgj0GnifOlOTQFOVW9stthzQOmAQqiNYNx46gmRAFnAo2zLixZhGhPdJhDUMlCZhuJuMfhvjQKG3sh8qUBDxWf08kJNB6EHimMyDQ1bPeSPzPa8TgnzcTLqMYmKSTRX4sMIR4FAhuc8UoiIEhhCpubsW0SxShYGLLmBCc2ZfnSfWk4BQLxdvTXOlyGkca7aMDlEcOOkMldI3KqIIoekTP6BW9WU/Wi/VufUxaU9Z0Zhf9gfX5AxbKlzM=</latexit>

I =

Z b

a
f(x) dx

<latexit sha1_base64="Jy7+rhfOhFJsC+pUkI5BdJO1BTY="></latexit>

V = (b� a)

Z b

a

h
f(x)

i2
dx � I2

<latexit sha1_base64="uk2iv5O3Foxti74vvb43GH12L2o=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjtwpKIVDeFohvdlAr2AU0Mk+mkHTp5MDMRS8gfuPFX3LhQxK1bd/6N0zYLbT1w4XDOvdx7jxsxKqRhfGsLi0vLK6u5tfz6xubWtr6z2xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3g59tv3hAsaBrdyFBHbR/2AehQjqSRHP7p26tWie4xKlscRTsw0qaeWiH0noVUzvat7xQeHlhy9YJSNCeA8MTNSABkajv5l9UIc+ySQmCEhuqYRSTtBXFLMSJq3YkEihIeoT7qKBsgnwk4m/6TwUCk96IVcVSDhRP09kSBfiJHvqk4fyYGY9cbif143lt65ndAgiiUJ8HSRFzMoQzgOB/YoJ1iykSIIc6puhXiAVC5SRZhXIZizL8+T1knZrJQrN6eF2kUWRw7sgwNQBCY4AzVwBRqgCTB4BM/gFbxpT9qL9q59TFsXtGxmD/yB9vkDPE2bjw==</latexit>

IN = (b� a)
1

N

NX

i=1

f(xi)

<latexit sha1_base64="lDxUPvLguaioBPfBJORA52OvIUE="></latexit>

VN = (b� a)2
1

N

NX

i=1

h
f(xi)

i2
� I2N
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Event generation

• Every phase-space point computed in this way, can be seen as 
an event (=collision) in a detector 

• However, they still carry the “weight” of the matrix elements: 
  ⊳ events with large weights where the diff. cross section is large 
  ⊳ events with small weights where the diff. cross section is small 

• In nature, the events don’t carry a weight: 
  ⊳ more events where the diff. cross section is large 
  ⊳ less events where the diff. cross section is small 

• How to go from weighted events to unweighted events?

29
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.JOJNJIÚKE����NNGeneration of unweighted events

f(x)

30

• Integral is area under a graph 

• Instead of picking a random  and compute 
, 

• pick a random  and  and check if
. If so, keep event 

• Integral: 'total area' multiplied by fraction of 
events kept

x
f(x)

x y
f(x) < y

• "Unweighted" events contain the maximum amount of statistical information 
in the least amount of events 

• Ideal if post-processing (slow detector simulation!) or storage is at a 
premium 

• It requires knowledge on  to determine the 'total area'. fmax
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MC integrator

• Procedure works the same in multiple dimensions 

• In practice,  is determined dynamically: event with largest weight 
encountered

fmax

<latexit sha1_base64="pnzsxtEenW4sY8NFydCea62knAg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjTsr2AdMh5JJM21oJhmSO0IZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJbe53n5g2XMlHmCYsiMlI8ohTAlby+zGBMSUiu58NqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6l6j3ni4rDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/iSaRcA==</latexit>

O

<latexit sha1_base64="IB5Vtfqg8Pz8IV0jkkEXZdlYwH4=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi1WXRjTsr2Ac0oUymk3bo5MHMjVhC/sGNv+LGhSJu3bjzb5y0AbX1wMCZc+7l3nu8WHAFlvVlLCwuLa+sltbK6xubW9vmzm5LRYmkrEkjEcmORxQTPGRN4CBYJ5aMBJ5gbW90mfvtOyYVj8JbGMfMDcgg5D6nBLTUM48dXxKaOsDuIe1njuKDgGQ//4DAkBKRXmdZz6xYVWsCPE/sglRQgUbP/HT6EU0CFgIVRKmubcXgpkQCp4JlZSdRLCZ0RAasq2lIAqbcdHJThg+10sd+JPULAU/U3x0pCZQaB56uzHdUs14u/ud1E/DP3ZSHcQIspNNBfiIwRDgPCPe5ZBTEWBNCJde7YjokOiTQMZZ1CPbsyfOkdVK1a9XazWmlflHEUUL76AAdIRudoTq6Qg3URBQ9oCf0gl6NR+PZeDPep6ULRtGzh/7A+PgGBAqgJg==</latexit>

d�

dO
largest weight = fmax
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MC integrator

Event generator

Acceptance-Rejection 
keep events with probability  wgt/fmax

<latexit sha1_base64="pnzsxtEenW4sY8NFydCea62knAg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjTsr2AdMh5JJM21oJhmSO0IZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJbe53n5g2XMlHmCYsiMlI8ohTAlby+zGBMSUiu58NqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6l6j3ni4rDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/iSaRcA==</latexit>

O

<latexit sha1_base64="IB5Vtfqg8Pz8IV0jkkEXZdlYwH4=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi1WXRjTsr2Ac0oUymk3bo5MHMjVhC/sGNv+LGhSJu3bjzb5y0AbX1wMCZc+7l3nu8WHAFlvVlLCwuLa+sltbK6xubW9vmzm5LRYmkrEkjEcmORxQTPGRN4CBYJ5aMBJ5gbW90mfvtOyYVj8JbGMfMDcgg5D6nBLTUM48dXxKaOsDuIe1njuKDgGQ//4DAkBKRXmdZz6xYVWsCPE/sglRQgUbP/HT6EU0CFgIVRKmubcXgpkQCp4JlZSdRLCZ0RAasq2lIAqbcdHJThg+10sd+JPULAU/U3x0pCZQaB56uzHdUs14u/ud1E/DP3ZSHcQIspNNBfiIwRDgPCPe5ZBTEWBNCJde7YjokOiTQMZZ1CPbsyfOkdVK1a9XazWmlflHEUUL76AAdIRudoTq6Qg3URBQ9oCf0gl6NR+PZeDPep6ULRtGzh/7A+PgGBAqgJg==</latexit>

d�

dO

• Procedure works the same in multiple dimensions 

• In practice,  is determined dynamically: event with largest weight 
encountered

fmax

<latexit sha1_base64="pnzsxtEenW4sY8NFydCea62knAg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjTsr2AdMh5JJM21oJhmSO0IZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJbe53n5g2XMlHmCYsiMlI8ohTAlby+zGBMSUiu58NqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6l6j3ni4rDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/iSaRcA==</latexit>

O
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• This is possible only if  is bounded (and has definite sign)!f(x)
31

MC integrator

Event generator

Acceptance-Rejection 
keep events with probability  wgt/fmax

<latexit sha1_base64="pnzsxtEenW4sY8NFydCea62knAg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjTsr2AdMh5JJM21oJhmSO0IZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJbe53n5g2XMlHmCYsiMlI8ohTAlby+zGBMSUiu58NqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6l6j3ni4rDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/iSaRcA==</latexit>
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d�

dO

• Procedure works the same in multiple dimensions 

• In practice,  is determined dynamically: event with largest weight 
encountered

fmax

<latexit sha1_base64="pnzsxtEenW4sY8NFydCea62knAg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjTsr2AdMh5JJM21oJhmSO0IZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJbe53n5g2XMlHmCYsiMlI8ohTAlby+zGBMSUiu58NqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6l6j3ni4rDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/iSaRcA==</latexit>

O

<latexit sha1_base64="IB5Vtfqg8Pz8IV0jkkEXZdlYwH4=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi1WXRjTsr2Ac0oUymk3bo5MHMjVhC/sGNv+LGhSJu3bjzb5y0AbX1wMCZc+7l3nu8WHAFlvVlLCwuLa+sltbK6xubW9vmzm5LRYmkrEkjEcmORxQTPGRN4CBYJ5aMBJ5gbW90mfvtOyYVj8JbGMfMDcgg5D6nBLTUM48dXxKaOsDuIe1njuKDgGQ//4DAkBKRXmdZz6xYVWsCPE/sglRQgUbP/HT6EU0CFgIVRKmubcXgpkQCp4JlZSdRLCZ0RAasq2lIAqbcdHJThg+10sd+JPULAU/U3x0pCZQaB56uzHdUs14u/ud1E/DP3ZSHcQIspNNBfiIwRDgPCPe5ZBTEWBNCJde7YjokOiTQMZZ1CPbsyfOkdVK1a9XazWmlflHEUUL76AAdIRudoTq6Qg3URBQ9oCf0gl6NR+PZeDPep6ULRtGzh/7A+PgGBAqgJg==</latexit>

d�

dO
largest weight = fmax
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Curse of dimensionality

• Error in Monte-Carlo integration scales 
like , with  the number of sampling 
points, independently of the number of 
dimensions. However… 
• the variance among the points is 

(typically) much larger for high 
dimensions: more complicated 
integrands 

• increasing the dimensions makes the 
available space much larger 

• This makes phase-space integration for 
multi-particle processes a very hard 
problem

1/ N N

32

Number of 
Dimensions

Nearest Nghbr. 
Distance

1 5.0 x 10-5

2 5.0 x 10-3

3 2.6 x 10-2

4 6.3 x 10-2

5 0.11

7 0.23

10 0.39

25 1.1

(average) nearest-neighbour 
distance among 10000 

randomly generated points in a 
unit hypercube
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Optimisation

• Optimising phase-space integration and 
event unweighting can easily reduce the 
computation time by orders of magnitude 

• Typically much more than optimising 
the evaluation time of the matrix elements 
(at least for tree-level contributions) 

• A very active area of research! 

• Some recent progress: 

• Optimised phase-space parametrisation 
[E. Bothmann et al. 2023] 

• Massively parallel setups 
[E. Bothmann et al. 2022, 2023] 

• Normalising flows and Machine Learning for efficient phase-space point generation 
[T. Heimel et al. 2022, 2023, 2024] 

• Reweighting low-accuracy events to high-accuracy 
[RF & T. Vitos, in preparation]

33

ATLAS Software and Computing HL-LHC Roadmap, version 2.1

held on disk; and the number of replicas and versions of datasets will be significantly
reduced.

The current model does not attempt to take into account possible further divisions (i.e.
beyond disk and tape) in the storage quality of service provided by the WLCG sites, and it
assumes only CPU resources without accelerators will be available. The uncertainties when
including accelerators in the resource estimate (e.g. speed improvement factors in each
processing step, relative costs of CPU vs accelerator, availability of accelerators on sites)
are too large to make such an exercise useful. As R&D projects conclude and these
uncertainties are reduced, and once the WLCG has undertaken a discussion of the pledge
mechanism for these resources, the model will be extended to include the impact of
accelerators.

Figure 1: projected evolution of compute usage from 2020 until 2036, under the conservative
(blue) and aggressive (red) R&D scenarios. The grey hatched shading between the red and
blue lines illustrates the range of resources consumption if the aggressive scenario is only
partially achieved. The black lines indicate the impact of sustained year-on-year budget
increases, and improvements in new hardware, that together amount to a capacity increase
of 10% (lower line) and 20% (upper line). The vertical shaded bands indicate periods during
which ATLAS will be taking data.

7

Expectation: computation needs HL-LHC
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.JOJNJIÚKE����NNME generators: 
general structure

SM

subprocs
handler

“Automatically”  generates a code
to calculate |M|2 for arbitrary processes 

with many partons in the final state. 

Use Feynman diagrams with tricks to 
reduce the factorial growth, others 

have recursive relations to reduce the 
complexity to exponential.

ME
calculator

d~ d -> a d d~ u u~ g
d~ d -> a d d~ c c~ g
s~ s -> a d d~ u u~ g
s~ s -> a d d~ c c~ g
...

Includes all possible subprocess 
leading to a given multi-jet final 
state automatically or manually 

(done once for all)

34

page 67/68

Diagrams made by MadGraph5
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ME generators: 
general structure

Integrate the matrix element over 
the phase space using importance 

sampling and a multi-channel 
technique and using parton-level 

cuts. 

Events are obtained by 
unweighting.

These are at the parton-level. 
Information on particle id, 

momenta, spin, color is given in 
the Les Houches Event (LHE) 

File format.

x section

parton-level
events

35
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What about higher orders?
• All three steps change when including higher orders 
• Let’s focus on NLO. 

(NNLO and beyond imposes similar technical challenges, but orders of magnitude 
more complex)

36
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In practice: predictions at LO

How to calculate e.g. 3-jet production at the LHC? 

• Identify all subprocesses (gg→ggg, qg→qgg....) in:   

• For each one, calculate the amplitude 

• Square the amplitude, sum over spin & colour, and integrate over 
the phase-space

σ(pp → 3j) =
∑
ijk

∫
fi(x1)fj(x2)σ̂(ij → k1k2k3) easy

A({p}, {h}, {c}) =
∑

i

Di
difficult

σ̂ =
1

2ŝ

∫
dΦp

∑
h,c

|A|2 quite hard

23
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In practice: predictions at LO

How to calculate e.g. 3-jet production at the LHC? 

• Identify all subprocesses (gg→ggg, qg→qgg....) in:   

• For each one, calculate the amplitude 

• Square the amplitude, sum over spin & colour, and integrate over 
the phase-space

σ(pp → 3j) =
∑
ijk

∫
fi(x1)fj(x2)σ̂(ij → k1k2k3) easy

A({p}, {h}, {c}) =
∑

i

Di
difficult

σ̂ =
1

2ŝ

∫
dΦp

∑
h,c

|A|2 quite hard

23

The same subprocesses contribute, and 
• need also subprocesses with one 

more parton
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In practice: predictions at LO

How to calculate e.g. 3-jet production at the LHC? 

• Identify all subprocesses (gg→ggg, qg→qgg....) in:   

• For each one, calculate the amplitude 

• Square the amplitude, sum over spin & colour, and integrate over 
the phase-space

σ(pp → 3j) =
∑
ijk

∫
fi(x1)fj(x2)σ̂(ij → k1k2k3) easy

A({p}, {h}, {c}) =
∑

i

Di
difficult

σ̂ =
1

2ŝ

∫
dΦp

∑
h,c

|A|2 quite hard

23

The same subprocesses contribute, and 
• need also subprocesses with one 

more parton

The same amplitudes need to be 
included, and 
• need also generate amplitudes with 

particles going in a loop
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In practice: predictions at LO

How to calculate e.g. 3-jet production at the LHC? 

• Identify all subprocesses (gg→ggg, qg→qgg....) in:   

• For each one, calculate the amplitude 

• Square the amplitude, sum over spin & colour, and integrate over 
the phase-space

σ(pp → 3j) =
∑
ijk

∫
fi(x1)fj(x2)σ̂(ij → k1k2k3) easy

A({p}, {h}, {c}) =
∑

i

Di
difficult

σ̂ =
1

2ŝ

∫
dΦp

∑
h,c

|A|2 quite hard

23

The same subprocesses contribute, and 
• need also subprocesses with one 

more parton

The same amplitudes need to be 
included, and 
• need also generate amplitudes with 

particles going in a loop

Still need to integrate over the phase-
space,  
• need also to cancel divergencies
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NLO: how to?

• Three ingredients need to be computed at NLO 

• Remember: virtual and reals are not separately finite, but their 
sum is (KLN theorem). Divergences have to be subtracted 
before numerical integration
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NLO: how to?

• Three ingredients need to be computed at NLO

• Remember: virtual and reals are not separately finite, but their 
sum is (KLN theorem). Divergences have to be subtracted 
before numerical integration. We will shortly see how

15

Born  
cross section

Virtual  
corrections

Real-emission  
corrections

�NLO =

Z

n

↵b

s
d�0 +

Z

n

↵b+1
s

d�V +

Z

n+1
↵b+1
s

d�R



.JOJNJIÚKE����NN

LOGOTYPFÄRGER
Lunds universitets logotyp får bara förekomma i följande 
färgvarianter: brons/blå, svart eller vit (negativ). Färgvariant 
brons/blå är den rekommenderade och ska användas överallt 
där det är möjligt. 
 
LOGOTYPSTORLEK
Lunds universitets logotyp får inte göras för liten. Detta för 
att säkerställa läsbarhet och tydlighet. Logotypen (oavsett 
version) får därför inte göras mindre än att sigillet i logotypen 
har en höjd på minst 10 mm (se illustration ovan). 

3FLPNNFOEFSBE�GÊSHWBSJBOU

4WBSU 7JU�OFHBUJW

.JOJNJIÚKE����NN

LUNDS UNIVERSITET | GRAFISK MANUAL | BASREGLER | LOGOTYPFÄRGER OCH LOGOTYPSTORLEK  10

.JOJNJIÚKE����NN

.JOJNJIÚKE����NN

IR-singularities in the real emission

• When the integral over the phase- space 
of the gluon is performed, one can have 

 

• Since , it 
can happen when  (soft) or 

 (collinear) 

• In both cases, the propagator diverges

(pq + pg)2 = 0

(pq + pg)2 = 2EqEg(1 − cos θ)
Eg = 0

cos θ = 1

38

Marco Zaro, ICS 2024

Branching
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• When the integral over the phase-
space of the gluon is performed, one 
can have (pq+pg)2=0

• Since (pq+pg)2=2EqEg(1-cos𝜃) it 
happens when the gluon is soft (Eg=0) 
or collinear to the quark (𝜃=0)

• In both cases, the propagator leads to 
a divergent cross section
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.JOJNJIÚKE����NNIR-singularities in the virtual 
corrections

• The same IR singularities as in the real-emission corrections also appear in the 
(renormalised) virtual corrections, but with opposite sign. (Follows from KLN 
theorem!) 

• Virtual corrections: integration over the loop momenta gives poles in , with 
 the dimensional regulator 

• Real corrections: integration over the phase-space gives poles in , with  
the dimensional regulator 

• Problematic! Integration over the phase-space is performed numerically. Cannot 
be done in a non-integer number of dimensions! 

• Note: observables must not be sensitive to collinear/soft real emission branching 
(i.e., for KLN to be applicable). Hence, must use "infrared-safe" observables, and 
cannot use infinite resolution 

• No problem in the virtual corrections: integration over the loop momentum is typically done (semi-)analytically, so poles in 
 and the finite remainder can be computed explicitly

1/ϵ
ϵ

1/ϵ ϵ

ϵ

39
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Example
• Suppose we want to compute the integral 

, with  and  a regular function 

• Let’s introduce a regulator, which renders the integral finite 

 

and in the end we take the limit  

• The divergence turns into a pole in . How can we extract the 
pole analytically, while doing the integral numerically?

∫
1

0
f(x) dx f(x) =

g(x)
x

g(x)

∫
1

0
f(x) dx ⟶ ∫

1

0
xϵ f(x) dx = ∫

1

0

g(x)
x1−ϵ

dx

ϵ → 0

ϵ

40
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Extraction of poles

Phase-space slicing 
• Introduce a small parameter : 

•  

 

 

where we have taken the limit  in the 
2nd term

δ

∫
1

0

g(x)
x1−ϵ

dx = ∫
δ

0

g(x)
x1−ϵ

dx + ∫
1

δ

g(x)
x1−ϵ

dx

≃ ∫
δ

0

g(0)
x1−ϵ

dx + ∫
1

δ

g(x)
x1−ϵ

dx

= (1
ϵ

+ log δ)g(0) + ∫
1

δ

g(x)
x

dx

ϵ → 0
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Subtraction method 
• Add and subtract : 

•  

 

 

where we have taken the limit  in the 
2nd term

g(0)/x

∫
1

0

g(x)
x1−ϵ

dx = ∫
1

0
xϵ( g(0)

x
+

g(x)
x

−
g(0)

x ) dx

= ∫
1

0

g(0)
x1−ϵ

dx + ∫
1

0

g(x) − g(0)
x1−ϵ

dx

=
g(0)

ϵ
+ ∫

1

0

g(x) − g(0)
x

dx

ϵ → 0

∫
1

0
f(x) dx ⟶ ∫

1

0
xϵ f(x) dx = ∫

1

0

g(x)
x1−ϵ

dx
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Extraction of poles

Phase-space slicing 
• Introduce a small parameter : 
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Subtraction method 
• Add and subtract : 

•  

 

 

where we have taken the limit  in the 
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∫
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0

g(x)
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• Both methods have a simple universal integral to be done analytically (that yields the 
pole to be canceled against the pole in the virtual corrections); 
and a complicated finite integral to be performed numerically 

• Since no approximation in the subtraction method, this is the preferred method at NLO 

• Since simpler structures in phase-space slicing, this is the preferred method at NNLO
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Extraction of poles

Phase-space slicing 
• Introduce a small parameter : 

•  

 

 

where we have taken the limit  in the 
2nd term

δ

∫
1

0

g(x)
x1−ϵ

dx = ∫
δ

0

g(x)
x1−ϵ

dx + ∫
1

δ

g(x)
x1−ϵ

dx

≃ ∫
δ

0

g(0)
x1−ϵ

dx + ∫
1

δ

g(x)
x1−ϵ

dx

= (1
ϵ

+ log δ)g(0) + ∫
1

δ

g(x)
x

dx

ϵ → 0
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Subtraction method 
• Add and subtract : 

•  

 

 

where we have taken the limit  in the 
2nd term

g(0)/x
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dx = ∫
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x
+

g(x)
x

−
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x ) dx

= ∫
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0
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1

0

g(x) − g(0)
x1−ϵ

dx

=
g(0)

ϵ
+ ∫

1

0

g(x) − g(0)
x

dx

ϵ → 0

∫
1

0
f(x) dx ⟶ ∫

1

0
xϵ f(x) dx = ∫

1

0

g(x)
x1−ϵ

dx

• Both methods have a simple universal integral to be done analytically (that yields the 
pole to be canceled against the pole in the virtual corrections); 
and a complicated finite integral to be performed numerically 

• Since no approximation in the subtraction method, this is the preferred method at NLO 

• Since simpler structures in phase-space slicing, this is the preferred method at NNLO
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NLO: kinematics of subtraction 
terms

• Real emission and subtraction term cannot be separated (individually, they are 
divergent!) 

•  and  are on-shell in the real emission, but  is not:  

 must be on-shell in the subtraction term 

• This is not possible without reshuffling the momenta of other particles in the 
process: hence each "event" has two sets of kinematics 

• If can happen, real-emission and the subtraction terms end-up in different 
histogram bins 
• Use IR-safe observables and don’t ask for infinite resolution! (KLN theorem)

i j i + j x ∼ m2
i+j

i + j

i

j
i+j

Real emission Subtraction term

∫
1

0

g(x) − g(0)
x

dx

42
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NLO: kinematics of subtraction 
terms

• Real emission and subtraction term cannot be separated (individually, they are 
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•  and  are on-shell in the real emission, but  is not:  
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i j i + j x ∼ m2
i+j

i + j

i

j
i+j

Real emission Subtraction term

∫
1

0

g(x) − g(0)
x

dx

42

Figure 3: As in fig. 1, for the inclusive η of the opposite-charge, Z-id matched lepton pairs (left
panel), and the inclusive ∆φ distance of the opposite-charge, non-Z-id matched lepton pairs (right
panel).

is quite small over the whole range in pT , but tends to grow larger towards larger pT . This

effect has the same origin as that observed in the right panel of fig. 1, but it is much more

moderate than there. This is due to the fact that in the present case the whole range in pT

is associated with complete NLO corrections. The PDF uncertainty is seen to be similar to

or slightly smaller than that due to scale variation; parton densities are well determined in

the x range probed here. Finally, there is no difference between the two leptonic channels

for this observable; as already mentioned above, this conclusion is independent of whether

one applies the Z-id cuts. The pT of the lepton pairs shown in the right panel of fig. 2

follows the same pattern as the one we have just discussed, but the differences between

the various predictions are larger in this case. In particular, aMC@LO is closer to NLO

than to LO, which is a consequence of the more important role played by extra radiation in

this case (as one expects, the present one being a correlation between two particles rather

than a single-inclusive observable). Again, the closeness of NLO and aMC@NLO results

shows the desired perturbative behaviour. The more significant impact of extra radiation

on this variable is reflected in the slightly larger scale dependence at large pT ’s w.r.t. what

happens for the transverse momentum of the individual leptons discussed before. The two

leptonic channels agree well, also when removing the Z-id cuts.

Figure 3 shows two observables constructed after applying the Z-id cuts, namely the

pseudorapidity of lepton pairs with opposite charge which are also Z-id matched (left

panel; this is then the pseudorapidity of would-be Z bosons), and the azimuthal distance

between leptons of opposite charge which are not Z-id matched (right panel; thus, these

are leptons emerging from different would-be Z bosons). As in the case of fig. 2, there are

two entries in each histogram for any given event. These two observables are dominated

by small transverse momenta, and therefore it is not suprising that, at both O(α0
S) and

– 15 –
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NLO event unweighting?
• Another consequence of the kinematic mismatch is that we cannot 

generate unweighted events at NLO 

• -body contribution and -body contribution are not bounded 
from above → unweighting not possible 

• Further ambiguity on which kinematics to use for the unweighted 
events

n + 1 n

43
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For NLO event generation (and parton-shower matching) we need additional work 
more on this in the next lecture(s)
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Example: W+j production

• Both NLO and NNLO agree with 
the CMS data (8 TeV collisions), 
• NNLO has significantly 

smaller uncertainties 
• LO uncertainties underestimated 

• In general: NLO accuracy 
required to describe LHC 
data

44

NNLO QCD Corrections to W+jet Production in NNLOJET Duncan Walker
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Figure 3: Normalised pW
T distributions for W production with subsequent decay into leptons. The left hand

panel shows results for electron decays, whereas the right panel shows muonic decays. Predictions at LO
(gray fill), NLO (orange hatched), and NNLO (blue cross-hatched) are compared to CMS data at 8 TeV
from [38]. The bands correspond to scale uncertainties estimated as described in the main text.

in an NNLO calculation become dominant. This is a marked improvement over NLO, where the
agreement of the NLO prediction begins to fail at ⇠ 200GeV. The Njets distribution shows the
exclusive jet multiplicity for the data. There is good agreement for the 1 jet case, and agreement
within larger scale variation bands is found for 2 and 3 jets where the NNLO W+J predictions are
only NLO and LO accurate respectively.

The origin of the large NNLO/NLO k-factors visible at high p j1
T and HT can be traced back

to events with a dijet type topology, where a relatively soft W boson is radiated alongside two
hard back-to-back jets [37]. These topologies only occur for the first time at NLO in the W+ jet
calculation, yet are the dominant contibution for high jet pT . As the full NNLO calculation can
only effectively describe these contributions to NLO, we observe sizeable higher order corrections
in the regions of phase space where they contribute, accompanied by larger scale variation bands
than might otherwise be expected.

3. Inclusive W± boson production for finite pW
T

As mentioned previously, our W+ jet calculation can also be used to provide fixed order pre-
dictions for the pW

T spectrum in inclusive W production above some cut-off pW
T,cut due to the implicit

requirement of a balancing jet:

pp ! W±(! l +nl)
��

pW
T >pW

T,cut
+X . (3.1)

In comparison to calculations performed to O(a2
S ) for inclusive W production which are trivial at

LO, this allows us to extend predictions to O(a3
S ) for the majority of phase space, excluding the

region below the cut-off.
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Instabilities at fixed order
• Besides the mis-binning problem, the 

kinematics mismatch can lead to odd 
behaviours of certain observables, in 
particular when some constraint 
coming from the -body kinematics 
is relaxed in the -body one

n
n + 1
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Figure 2: Same as in fig. 1, with the cuts of eq. (3.1).
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Figure 2: Same as in fig. 1, with the cuts of eq. (3.1).
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Summary: the hard interaction

• Event generators are there to bridge the gap between theory 
concepts and experimental concepts 

• At the heart, we have a matrix-element generator 
• Most-difficult part: Phase-space integration by using Monte-

Carlo techniques 
• scales very good with number of dimensions 
• also works with involved integration boundaries (cuts!) 
• allows for event simulation 

• For the generation of “unweighted” events, an acceptance/
rejection step needs to be performed
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Figure 1: Schematic of the structure of a pp ! tt event, as modelled by PYTHIA. To
keep the layout relatively clean, a few minor simplifications have been made: 1) shower
branchings and final-state hadrons are slightly less numerous than in real PYTHIA events,
2) recoil effects are not depicted accurately, 3) weak decays of light-flavour hadrons are
not included (thus, e.g. a K0

S meson would be depicted as stable in this figure), and 4)
incoming momenta are depicted as crossed (p! �p). The latter means that the beam
remnants and the pre- and post-branching incoming lines for ISR branchings should be
interpreted with “reversed” momentum, directed outwards towards the periphery of the
figure; this avoids beam remnants and outgoing ISR emissions having to criss-cross the
central part of the diagram.

9

• Only discussed the central part of the 
collision. 

• Sometimes this is enough! 
• No matching to parton shower 
• Easy to go beyond LO 
• Analytic resummation (instead of 

resummation with PS also a way 
forward, and possibly higher 
accuracy)


