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๏ Soft particle production is enhanced
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๏Soft structure of jets is modified in heavy ion collisions

๏ Soft particle production is enhanced

๏ Soft emission persists to very large angles
๏ Well understood in terms of hydrodynamic response

Hydro response studied by many groups: Hybrid, CoLBT, Tachibana et al, MUSIC, … 
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๏Hydrodynamics with a source

๏ Injection of energy by the jet

๏Integrates to the total deposited energy

๏Depends on the thermalization process
Chesler and Yaffe 07; Hong, Teaney and Chesler 12, …  
Mehtar-Tani, Schlichting, Soudi 22;  
Brewer, Mazeliaouskas, Zhou HP23

๏Concrete form still unknown
(here modelled by a Gaussian)

๏Collective response
๏Transports energy away from jet

๏Produces sound and diffusion

๏Interplay with radial flow
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An Implementation Problem

4

๏ Monte Carlo analysis: millions of events

๏ Full hydro analysis of back-reaction:

Simulating an event is very time consuming
} Hard to combine

๏ Energy injection is small as compared to the fireball ⟹ linearization 
๏COLBT: linearised Boltzman equation
๏Here: linearized hydro response
๏But not everything is linear:

We need approximations!

๏ Deposition rate 

๏ Particle production E≫ T
} Non-linear dependence 

on jet energy
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(a) Case 1 (ideal), ⌧ = 4.9 fm/c. (b) Case 2 (viscous), ⌧ = 4.9 fm/c.

(c) Case 1 (ideal), ⌧ = 7.7 fm/c. (d) Case 2 (viscous), ⌧ = 8.3 fm/c.

(e) Case 1 (ideal), ⌧ = 10.5 fm/c. (f) Case 2 (viscous), ⌧ = 11.7 fm/c.

FIG. 4: Plots of �"
"0

(⌘s = 0) as functions of x and y at three di↵erent times ⌧ for Case 1

(ideal fluid; left panels) and 2 (viscous fluid; right panels). Note that we have used

di↵erent color bars in di↵erent panels; assessing the strength of the perturbations (in this

and the next two Figures also) requires looking at the color bars to see the magnitudes

corresponding to the reddest and bluest colors.
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๏ Building block: perturbation on-top of Bjorken flow

Sound 
waves

Diffusion 
wake

๏Sound waves ⇒ take energy away from jet
๏Diffusion wake

diffusion wake dominates over sound waves in particle production

๏On average: JCS, Teaney and Shuryak 05

See for Yang, He, Chen, Ke, Pang and Wangattempts to disentangle Mach and wake in COLBT 

JCS, Milhano, Pablos, Yao, Rajagopal 20

⇒lost momentum becomes moving fluid along the jet path
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๏ An efficient approximate procedure 

๏ Applicable to any transverse flow 

๏ Compose wake from linearised Bjorken solutions by 
 locally boosting to a frame with no transverse flow 

๏ Correct for the direction of the jet after this boost
๏ Compute time between deposition time and freezeout 

depending on transverse flow

๏Library of cases for each deposition point + linear superposition

๏Fast generation of flow fields induced by jets

๏Linearized solution on top of radial flow is inefficient:
๏Different simulations for each collision configuration
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(a) Energy-momentum deposition for Ei = 10 GeV (filled arrow) and Ei = 50 GeV (empty arrow).

(b) pT distribution for Ei = 10 GeV. (c) pT distribution for Ei = 50 GeV.

(d) � distribution for Ei = 10 GeV. (e) � distribution for Ei = 50 GeV.

(f) y distribution for Ei = 10 GeV. (g) y distribution for Ei = 50 GeV.

Figure 2: Comparison of medium response distributions between full hydro. and our

approach., for a given topology and two di↵erent parton initial energies.
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Figure 2: Comparison of medium response distributions between full hydro. and our

approach., for a given topology and two di↵erent parton initial energies.
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Non-linear hydro response from Music

๏Excellent agreement with 
non-linear hydro

๏Effects of transverse flow

๏Harder 

Other non-linear response: Tachibana et al.; CoLBT

๏Narrower
๏Less “negative”
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(a) Energy-momentum deposition for Ei = 10 GeV (filled arrow) and Ei = 50 GeV (empty arrow).

(b) pT distribution for Ei = 10 GeV. (c) pT distribution for Ei = 50 GeV.

(d) � distribution for Ei = 10 GeV. (e) � distribution for Ei = 50 GeV.

(f) y distribution for Ei = 10 GeV. (g) y distribution for Ei = 50 GeV.

Figure 4: Comparison of medium response distributions between full hydro. and our

approach., for a given topology and two di↵erent parton initial energies.
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Figure 4: Comparison of medium response distributions between full hydro. and our

approach., for a given topology and two di↵erent parton initial energies.
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๏Very good agreement 
with non-linear hydro

Non-linear hydro response from MUSIC

Other non-linear response: Tachibana et al.; CoLBT

๏Soft particle spectrum
changes event by event
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(a) Energy-momentum deposition for Ei = 10 GeV (filled arrow) and Ei = 50 GeV (empty arrow).

(b) pT distribution for Ei = 10 GeV. (c) pT distribution for Ei = 50 GeV.

(d) � distribution for Ei = 10 GeV. (e) � distribution for Ei = 50 GeV.

(f) y distribution for Ei = 10 GeV. (g) y distribution for Ei = 50 GeV.

Figure 3: Comparison of medium response distributions between full hydro. and our

approach., for a given topology and two di↵erent parton initial energies.
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Figure 3: Comparison of medium response distributions between full hydro. and our

approach., for a given topology and two di↵erent parton initial energies.
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๏Good agreement with 
non-linear hydro

Non-linear hydro response from MUSIC

Other non-linear response: Tachibana et al.; CoLBT

๏Soft particle spectrum
changes event by event

๏Intricate angular patterns
depending on point of origin

jet direction
radial flow encountered
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๏Semi-quantitative agreement 
with non-linear hydro

(a) Energy-momentum deposition for Ei = 10 GeV (filled arrow) and Ei = 50 GeV (empty arrow).
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Figure 5: Comparison of medium response distributions between full hydro. and our

approach., for a given topology and two di↵erent parton initial energies.
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(a) Energy-momentum deposition for Ei = 10 GeV (filled arrow) and Ei = 50 GeV (empty arrow).

(b) pT distribution for Ei = 10 GeV. (c) pT distribution for Ei = 50 GeV.

(d) � distribution for Ei = 10 GeV. (e) � distribution for Ei = 50 GeV.

(f) y distribution for Ei = 10 GeV. (g) y distribution for Ei = 50 GeV.

Figure 5: Comparison of medium response distributions between full hydro. and our

approach., for a given topology and two di↵erent parton initial energies.
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Non-linear hydro response from MUSIC

๏Soft particle spectrum
changes event by event

๏Intricate angular patterns
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๏Semi-quantitative agreement 
with non-linear hydro

(a) Energy-momentum deposition for Ei = 10 GeV (filled arrow) and Ei = 50 GeV (empty arrow).
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– 26 –
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(b) pT distribution for Ei = 10 GeV. (c) pT distribution for Ei = 50 GeV.

(d) � distribution for Ei = 10 GeV. (e) � distribution for Ei = 50 GeV.
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Figure 5: Comparison of medium response distributions between full hydro. and our

approach., for a given topology and two di↵erent parton initial energies.
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Non-linear hydro response from MUSIC

Manifestation of sound waves in rapidity (for certain configuration)

๏Soft particle spectrum
changes event by event

๏Intricate angular patterns
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Figure 6: Comparison of the averaged (over 50 configurations) medium response distri-

butions between full hydro. and our approach for two di↵erent parton initial energies.

A Isothermal Hypersurface in Laboratory Frame

We consider the isothermal hypersurface in the laboratory frame parametrized by ⌧ =

⌧f (x, y). The surface integral element can be symbolically written as

d3�µ = nµ

p
�h dx dy d⌘s , (A.1)

where h is the determinant of the reduced metric on the hypersurface (which is in general

di↵erent from the metric gµ⌫ in the 3 + 1 dimensional spacetime), h = det(hµ⌫) and we

have chosen (x, y, ⌘s) as the coordinate system on the hypersurface. To write the surface

integral element out explicitly, we first need to work out the normal unit covector nµ, which

is defined to the orthogonal to the tangent space at the point (x, y, ⌘s) of consideration.
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A Isothermal Hypersurface in Laboratory Frame

We consider the isothermal hypersurface in the laboratory frame parametrized by ⌧ =

⌧f (x, y). The surface integral element can be symbolically written as

d3�µ = nµ

p
�h dx dy d⌘s , (A.1)

where h is the determinant of the reduced metric on the hypersurface (which is in general

di↵erent from the metric gµ⌫ in the 3 + 1 dimensional spacetime), h = det(hµ⌫) and we

have chosen (x, y, ⌘s) as the coordinate system on the hypersurface. To write the surface
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Good agreement with 
non-linear hydro 
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We consider the isothermal hypersurface in the laboratory frame parametrized by ⌧ =

⌧f (x, y). The surface integral element can be symbolically written as

d3�µ = nµ

p
�h dx dy d⌘s , (A.1)

where h is the determinant of the reduced metric on the hypersurface (which is in general

di↵erent from the metric gµ⌫ in the 3 + 1 dimensional spacetime), h = det(hµ⌫) and we

have chosen (x, y, ⌘s) as the coordinate system on the hypersurface. To write the surface

integral element out explicitly, we first need to work out the normal unit covector nµ, which

is defined to the orthogonal to the tangent space at the point (x, y, ⌘s) of consideration.

– 28 –

(a) pT distribution for Ei = 10 GeV. (b) pT distribution for Ei = 50 GeV.

(c) � distribution for Ei = 10 GeV. (d) � distribution for Ei = 50 GeV.

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

-3 -2 -1 0 1 2 3

hd
�
N
/d
y
i

y

Lin. Hydro.

Lin. Hydro. + Boosts

3+1D Hydro.

(e) y distribution for Ei = 10 GeV.

0

2

4

6

8

10

12

14

16

-3 -2 -1 0 1 2 3

hd
�
N
/d
y
i

y

Lin. Hydro.

Lin. Hydro. + Boosts

3+1D Hydro.

(f) y distribution for Ei = 50 GeV.

Figure 6: Comparison of the averaged (over 50 configurations) medium response distri-

butions between full hydro. and our approach for two di↵erent parton initial energies.

A Isothermal Hypersurface in Laboratory Frame

We consider the isothermal hypersurface in the laboratory frame parametrized by ⌧ =

⌧f (x, y). The surface integral element can be symbolically written as

d3�µ = nµ

p
�h dx dy d⌘s , (A.1)

where h is the determinant of the reduced metric on the hypersurface (which is in general

di↵erent from the metric gµ⌫ in the 3 + 1 dimensional spacetime), h = det(hµ⌫) and we

have chosen (x, y, ⌘s) as the coordinate system on the hypersurface. To write the surface

integral element out explicitly, we first need to work out the normal unit covector nµ, which

is defined to the orthogonal to the tangent space at the point (x, y, ⌘s) of consideration.

– 28 –

Good agreement with 
non-linear hydro 

Spectrum becomes 
Harder
Narrower
With fewer negatives

than in previous approx.  



HP2023 J. Casalderrey-Solana 27/03/2023

Average over events
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than non-linear solution
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Conclusions

12

๏Medium response affects the soft jet structure

๏May also help to constrain hydrodynamization

๏However, full hydro response is computational expensive
๏Our procedure captures the main physics of medium response

๏We are now ready for a Monte Carlo implementation

And for a more stringent comparison with RHIC and LHC data 

๏They exhibit interesting flow patterns

๏Depends on collision geometry

๏Provides complementary  tomographic information

๏ At least 1000 X faster than non-linear solution
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Too simple⇒Too Soft & Too Wide
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Jet radius  
dependence  
of Missing Pt

๏ The simple back-reaction implemented in hybrid model:
Leading Jet

Associated Jet

๏ Captures the general features of the energy-degradation
๏ Produces too many soft particles at large angles

๏ In this talk: first steps towards a better description of back-reaction

JCS, Gulhan, Milhano, Pablos and Rajagopal 16

CMS  
JHEP 1601, 006 (2016) 


